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On experimental science

In any experimental science we perform
experiments to get information on the state of an

object system

Knowledge on such state will allow us to pr edict
the results of forthcoming experiments on the
same (similar) object system in a similar situation.

Since necessarily we work with only partial prior
knowledge of both system and experimental
apparatus, the rules for the experiment must be
given In a probabillistic setting.



On what Is an experiment

An experiment on a object systemconsists in making it
Interact with an apparatus.

The Interaction between object and apparatus produces one
of a set of possible tansformations of the object, each one
occurring with some pr obability .

Information on the state of the object system at the

beginning of the experiment is gained fr om the knowledge
of which transformation occurr ed, which is the outcome
that Is signaled by the apparatus.



Actions and outcomes

Experiment or OactionOthe action on the object system
due to an experiment is the setA | {Aj} of possible
transformationsA j haing overall unit probability, with
the appamtus signaling the outcome] labeling vhich
transformation actually occurred.



States

State: A state! for a plysical system is a rule vhich
provides the probabillity for any possible tlansformation
within an experiment, namely:

| :state, ! (A) :probability that the transformation A occurs

No experiment: the identical transformations occurs with
probability one
L y= 1

Normalization: Z Ltk =



Convex structur e of states

The possible states of a physical system
make a convex selS  , namely for any two

states! 1 and! 2 we can consider the state K

| which is the mixtur e of ! 1 with
probability " and of ! 2 with
probability 1™ " .. We will write

V= a4 1 Yl O

for the state |  coresponding to the probability r ule for
transformations A

A= A alngt il ) A

Afbne dimension; adm(S)




Monoid of transformations

Transformations make a monoid:the composition

A " B oftwo transformations A andB s itself
a transformation. Consisteng of composition of
transformations requires associatity, namely

C" (B ||A): (C IIB)"A
There exists the identical tansformation]  which

leaves the plysical system irvariant, and which for every
transformation A satisbes the composition rule

| K = A A



Independent systems and local transformations

Independent systems and local experimentstwo
physical systems are OindependentO if on dac
system it is possible to perform Olocal experimentsO

for which on any joint state one has the
commutativity of the pertaining transformations

A(1)$B(Z) B(2)$A(1)

(B )= B e

Multipartite system: a collection of independent systems



| ocal state

For a multipartite system we debne the local state! ‘n
of the n-th system the state that gives the probabillity of
any local transformation A on the n-th system with all

other systems untouched, namely

A2l ol s

n th



Conditional state

When composing two transformations A and B the
probability that B occurs conditioned that A
happened before is given by the Bayes rule

(B AY)

BIA)= —

PBIA) = —

Conditional state: the conditional state " 5 gives the
probability that a transformation B occurs on the

physical system in the state” after the transformation
A occurred, namely

“B'A) & V&
(A) | (A)

"a (B) 2



Acausality

Notice that:
l (aB)

A(l)'B(Z):B(Z)'A(l) =1 (4]
6 2B =)

namely the occurrence of the transformation B on system 2
generally affects the conditional state on system 1, I. e.

| ety
(1 ,B)
Therefore, In order to guarantee acausality of local actions we
need to require that any local action on a system is equivalent
to the identity transformation on another independent
system: X
A BA)=1al }y 1]

AAA

Aal ) el



Dynamical and informational equivalence

From the debnition of conditional state we have:

¥ there are different transformations which
produce the same state change, but generally
occur with dif ferent probabilities

¥ there are different transformations which
always occur with the same probabillity, but
generally affect a different state change



Dynamical and informational equivalence

Dynamical equivalence of transformations. two
transformations A and B are dynamically
equivalent if

B el S

Informational equi valence of transformations: two
transformations A and B are informationally
equivalent if

R | - S



Informational compatiblility

Two transformations A and B are informationally
compatible (or coexistent) if for every state ! one has

Ll (A)+ ! (B)! 1
For any two coexistent transformations A 1and A2 we debne the
transformation A = A1+ A, as the transformation
corresponding to the evente = {1,2} namely the apparatus
signals that either A 1 orA » occured, but doesnOt specify which
one:
HEe o C L (A1 + Az) =1 (A1) + ! (A2)

2 s 1 (A1) 1 (A2)
Ll o5 !A1+A2—!(A1+A2)!A1+!(A1+A2)!A2




Informational compatiblility

Multiplication b y a scalar: for each transformationA

the transformation' A forQ! " I 1 is debPned as the
transformation which is dynamically equivalent toA

but occurs with probability ! ("A ) =" (A)

Convex structure for tr ansformations and actions

+ norm on transformation and approximability criterion

Banad algebra structure for tr ansformations



Effect

We call effect an informational equivalence class [A ]
of transformations A
duality

effects as positive linear| functionals over states:

lia(!) =1 (A)

Convex structure for effects



Observable

Observable: a set of effects L = {l;} wvhich s
iInformationally equivalent to an actionA , namely sut
that there exists an actionA = {A;} for vmich one has

it [A]T)
Perfectly discriminable states {!;}: there exists an

obsenable L = {l;} sud that
i) ="

Informational dimension idm(S): maximal number of
perfectly discriminable states



Informationally complete observable

Informationally complete observable: an obsenable

L = {1;} is informationally complete if any effect| can
be written as linear combination of elements of L |
namely there exist coefbcientsci (1) sut that

1L




Block representation

/\

A= mMi(A)N; 1A (!)=m(A)an(!)+ qA)
J

Conditioning:

fractional afbne ; :

transformation q(A ) m(A)

n(!)!" n(!A) Mi (A) =

% k(A) M (A)

il M (A)n(t)+ k(A)

27T mA)an(1) + gA)




Principle of local observabillity

For every composite system there exist
iInformationally complete observables made only
of local informationally complete observables.

upper bound for the afbne dimension of
composite systems

adm(S 12) # adm(S 1) adm(S2) + adm(S 1) + adm(S )



Faithful states

Dynamically faithful state: we say that a statef¥ of a
multipartite system Is ynamically faithful for the n-th
component system Iif when acting on it with a local
transformationA  the resulting conditioned state Is In
1-to-1 correspondence with the dsnamical
equivalence class ofA , namely the follaving map is

1-to-1 :
by v oA A s

A s




Existence of faithful states

lower bound for the afPne dimension of a system
composed of two identical systems

adm(S’ %) ' adm(S)[adm(S) + 2]



First dimensionality identity: the tensor pr oduct

Local observability principle + faithful states

dimension of a system composed of two identical
systems

adm(S’ %) = adm(S)[adm(S) + 2]

dm(H! H)?*" 1= (dim(H)*" 1)(dim(H)* + 1)

dim(H! H) = dim(H)?



Second dimensionality identity: the Hilbert space

Realization of informationally complete observables

from discriminating observables

For any bipartite system there exists a discrirr

joint observable which is (minimal) information

Inating
ally

complete for one of the two components for almost all

preparations of the other components.

adm(S)+ 1! idm(S' 9

adm(S) = idm(S)2! 1 1




Conjectured possible axioms

There existspure faithful states



Conjectured possible axioms

Teleportation axiom

There exists a joint bipartite statel , a joint bipartite
discriminating observable:L = {l; } and a set of
deterministic iIndecomposable transformations {Uj}
by which one can teleport all states! as follows

(!!)(lj,éJj)E:,
ol




Summary

. iInformational
experiment State .
equivalence effect
25 observable
iIndependent systems| local state S o
-+ observable
It | inf tionally )
Bayes rule conditional dyr?amlcal informationally
Sstate equivalence complete
+ ___Observable

Local observabllity

+ adm(S' 2) = adm(S)[adm(S) + 2] Bloch representation +

Eaithful state afPne transformations

4 Informationally complete fr om joint
discriminating observable

adm(S) = idm(S)?! 1




