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D eterministic pregmming

Pyi (1) = Tro[V(I ! ")VT]




1SPRSBNNBCJMJUZ

No go theor em [N ielsen"Chuang#

Pvi(l)=TrofV( " )VT] It is impossible to progam all

unitary channels with a singleV
and a Pnite-dimensional ancilla




Nielsen"Chuang theor em

Suppose distinct (up to a global phase) unitary opeators Uy, ... Uy
are implemented by some progammable quantum gate aray. Then
the program reqister is at least N dimensional. Moreger, the
corresponding progams|¥1!, . . ., [¥n ! are mutually orthogonal.

Proof: for arbitrary | 1" H
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The joint unitary that programs perfectly the unitary
operators Uy, ... Uy Is the controlled-U opentor
(modulo local unitaries)

V = Zj Uj | “ j"?'-'/f!j
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‘Problem: The most el cient Unitary.

V ) For given d = dim(A ) bnd the uni-
tary operators V that are the most
el clent In programming channels,
namely which minimize the largest
distance of each channed C € C
from the programmable set P y a :

2~/

e(V) = Q%XP!TIC,A o(C,P)



one would like to use ! (C,P) = |C! P|cs
Instead we use

(CP)= 1! F(CP)
where F (C, P) Is the Raginsky Pdelity

1
d2

F(U,P) =

| Tr[C, U]|? U= Uauf

(/

F(V)= min F(U,V), F(U,V)= maxF(U,Py,)
U! U(H) 1A ’



GNS representation

¥ Bipartitestates|! ' " H# K $ % operators! " HS(K, H)
!
It 1l = L am|n! # |m!.
nm

¥ Matrix notation (for Pxed reference basis in the Hilbert spaces)

A# B|C!l = |JACB' Il

ZA\B!' ' Tr[A B].



GNS representation

cyclic vector [I' " H# K
I 1 HS(K, H), = # D

transposition
N #=( S |I#H=(13$"!")|#

complex conjugation
X" = (X")
(|"#&|$ I)|[#= |"H" #



V= |0 #H&Ty|

Krauss for! T |
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nm K
 |" ,#denotesthe eigervector of %corresponding to the eigervalue $,

I THCon UIF = ™I Tl U 1 %1 UL ]
nm kh
= Tr[% S(U, V) S(U, V)]

S e kI T

1
Max over ! F(U,V) = S [SU VI



1
F(U,V) = S |SU V)7,

S(U,V) = Try[(UT! 1)V*]

Changing V by local unitary operators transforms S(U, V) in the following
fashion

S(U, (W1 | Wz)V(Wg | W4)) = WZ*S(W]_ UW3,V)W41I<



Vo= (We! Wo)expli(h 1" 1! "1 +1 "ol "or +13"30 "3 )[(Ws! Wy)

_Wl X Xgl ¥ Z"!Z ¥ X"!Z I Z'Z Wg—
prorarEE

Figure 1. Quantum circuit scheme for the general joint unitary operator V
Here we use the notation G, = exp(i!" ) with G = X,Y,Z.

study only joint unitary operators of the form

V = expl(i(aioy! o1 + azoy! 05! + azos! o3')]



V=exp[(i(!1"1! "1 +1"2! ")+ 13"5 "3
1

eigernvectors: |l Il = = é“ it (Bell basis)
SLmamanar
S(UV)= 5 e U o=+ axt az, 60 = 20i # O
=0

U= ngl +1n al

Bloch representation:
ng$ Randni+ |n|?= 1

S(U,V) —nol +n al.
£

ﬁj = nj, O&j&g,to:§ e
J =0

ti =€ "o 4 e i #ty, 1&] & 3, ti =t 1, 0&] & 3,



V=exp[(i(!1"1! "1 +1"2! ")+ 13"5 "3

IS(UV)[P= uét+ uaTu

where u = (n§,nf,n3,n3), t = (ltol? [tal? [t2)% |ts]?), and Ty =
Iti|?]t; |? sin“(¢i " ¢;). One hasthe bounds
;|

Udt + UATU# udt # mint;|?
J

T
F(V) = 73 mjln t; ‘2.

take!'o = 0,11 = $/2,!5, = $,!3 = $/ 2, corresponding to the eigenvalues
i, 1," i, 1for V. Another solutionis!g=0,1;="%$/2,1,=$,153="%/2.




V=exp[i(!1"1! "1 + 12" "o +13"3!1 "3')]
1 1
F= max F(V)= 5= -
V1 U(H' 2) V) > 4
the corresponding optirr(1a| V hasthe form )
V = exp ::i% (0, & 0, £0,& 0,)

Xl
—lﬁle L %(

Figure 2. Quantum circuit scheme for the optimal unitary operator V



controlled-U
!2

V= V! |"H, #in " = 0, Vi, Vo unitary onH $ C?
k=1

1
F(U,V) = ZL\Tr[vh U]|? h = argmaxy | Tr[V, U]|

F(V) = mUin F(UV)=0
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Deterministic

Pz = Tr2[(l JEEE )Z]

Pz=Pz &

ZreE L 7
P={PP,,...,Py}

e A i
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Deterministic @mnel Deterministic P@OMs
progammabllity progammability



1SPHSBNNBCJMJU/Z

N o go theor em
P,, = Trz[(| FH )Z] It is impossible to progam all
- obsenables with a single joint
obsenable Z and a
Pnite-dimensional ancilla

Pz=Pz &

@




N o go theor em

Suppose M distinct obserablesX 1, X 2,..., Xy are implemented
by some progammable quantum gate aray. Then the program
register Is at least M dimensional. Moreger, the corresponding
programs|! 1), ..., |! as) are mutually orthogonal.

Proof: X, =Tr[(I! |',"# Z]
) = T # )z 0)]
P Z D ™ =
ZO = x
zWzW) = 1,.70) ZO D= x e
et x =0, 0 #
X E Xy " A $= "




The joint obsenable that programs perfectly the
obsenables X 1, X 5,..., XM IS the controlled-O
operator

Ve Xl®|!l><!l|
[

which can be implemented with a bxed local
obsenable and a controlled-U

Z=V (X! 1)V




‘ Problem: The most el cient observable'

Pz = Tra[(1 ! 1)Z] Forgvend=dima)and N = |z] =

|IP|, Pnd the observables Z that are the
most el cient in programming POVMOS
namely which minimize the largest dis-
tance of each POVM from the pro-
grammable set:

Pz=Pz &

' (£)

1(Z) = max P!rgigA "(P,Q)

.. 7.
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G. M. D' Ariano , P. Perinotti

090401 (2005)

programmabilit y with accuracy !’ *:

Q1 -cA-PIc2s
!
"(P,Q) = max |Tr#(Pi — Q)]

/ 1(Z)= max min "(P,Q)

Using a joint observable Z of the form

dim(A)
Zi = U ('] # 1a)UY, U= Wi # " ™ ]
k=1

with {!;} and {"} orthonormal sets and Wy unitary, we can
program observables with accuracy # ' using an ancilla with
polynomial growth

1#N(N! 1)
dim(A) ! $(N)
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For qubits: linear growth!

Program for the observable P = {Ug" ?| = 31"+ 1jug*' ?

L= Ug g lug)

In dimension dim(A) = 2] + 1, with joint observable
gives the programmabillit y accuracy

— 2 ' e 1
1(Z) = o+ 1 dim(A) = 2!

}
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_ Covariant measurements
4 are exactly progammable

¢

/

EZH“‘*EHRH ;ff G-covariant POV M densities (H olevo t heorem)

P,dg= U,!U_ dg, g! G

programmable as

P,= Tro[(I " ")F,], !=V"'V

wit h covariant Bell POVM density

Fo= (U " DIV#ASVI|(U, " 1)
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G. M. DQAriano and P . Perinotti,
Ll EIL A Sea L aa- 192 Unitary operator U connecting the Bell

(2004) .
observable wit h local observables

£ -

U(jm!" |n!) = #1—a|um,n!!

of the controlled-U form
!
U = Inf|" W"

e. g. for projective d-dimensional UIR of the Abédlian group G = Z4! Z4

| : !
Unn = ZMmW"  Z = !J|j "H|l, W= k"'#k$ 1], ! = e
J k

2L
d
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@ Progmammable channels:
® Nielsen-Chuang theorem revisited
® Exact progamming for bnite set of unitaries: controlled-U

Optimal programming in 2x2 dimensions: two controlled-NO T

- Progmammable POVMSs:
No go theorem
Exact progamming for Pnite set of obserables: controlled-O
controlled-O: polynomial complexity progr amming

® for qubits: linear complexity programming



