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Deterministic programming
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universal programmabilit y of POVMÕs4,5. It is still possibleto achieve pro-
grammabilit y probabilistically 6, or even deterministically 7, though within
someaccuracy. Then, for the deterministic case,the problem is to deter-
mine the most e! cient programmabilit y, namely the optimal dimension of
the program-ancilla for given accuracy. Recently , it has beenshown 5 that
a dimension increasing polynomially with precision is possible: however,
even though this is a dramatical improvement compared to preliminary
indications of an exponential grow8, still it is not optimal.

In establishing the theoretical limits to state-programmability of chan-
nels and POVMÕsthe starting problem is to Þnd the joint system-ancilla
unitary which achievesthe best accuracyfor Þxeddimensionof the ancilla:
this is exactly the problem that is addressedin the present paper. The
problem turned out to be hard, even for low dimension, and here we will
give a solution for the qubit case,for both system and ancilla.

2. Statemen t of the problem

We want to program the channel by a Þxeddeviceas follows

PV,! (! ) .= Tr2[V (! ! " )V †], (1)

with the systemin the state ! interacting with an ancilla in the state " via
the unitary operator V of the programmabledevice(the state of the ancilla
is the program). For ÞxedV the above map can be regardedasa linear map
from the convex set of the ancilla statesA to the convex set of channelsfor
the system C. We will denote by P V,A the image of the ancilla states A
under such linear map: these are the programmable channels. According
to the well known no-go theorem by Nielsen and Chuang it is impossible
to program all unitary channelson the systemwith a single V and a Þnite-
dimensionalancilla, namely the imageconvex P V,A " C is a proper subset
of the whole convex C of channels. This opensthe following problem:

Problem: For given dimension of the ancil la, Þnd the unitary
operators V that are the most e! cient in programming channels,
namely which minimize the largest distance #(V ) of each channel
C # C from the programmableset P V,A :

#(V ) .= max
C∈C

min
P∈P V , A

$(C,P) $ max
C∈C

min
! ∈A

$(C,PV,! ). (2)

As a deÞnition of distance it would be most appropriate to usethe CB-
norm distance ||C %P||C B . However, this leadsto a very hard problem. We

Mo st e! cient V.
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On the most e! cient unitary tr ansformation for programmin g quantum channels 3

will use instead the following distance

! (C, P) .=
!

1 ! F (C, P), (3)

where F (C, P) denotesthe Raginsky Þdelity 9, which for unitary map C "
U = U áU  is equivalent to the channel Þdelity 1

F (U, P) =
1
d2

"

i

| Tr[C 
i U]|2, (4)

where C =
#

i Ci áC 
i . Such Þdelity is also related to the input-output

Þdelity averagedover all pure statesF io(U, P), by the formula F io(U, P) =
[1+ dF (U, P)]/ (d+ 1). Therefore, our optimal unitary V will maximize the
Þdelity

F (V ) .= min
U ! U(H)

F (U, V ), F (U, V ) .= max
! ! A

F (U, PV,! ) (5)

3. R educing the problem to an operator norm

In the following we will use the GNS representation |Ψ## = (Ψ $ I )|I ## of
operators Ψ %B(H), and denote by X ! the transposedwith respect to the
cyclic vector |I ##, i. e. |Ψ## = (Ψ $ I )|I ## = (I $ Ψ! )|I ##, and by X " the
complex conjugated operator X " .= (X ! )  , and write |" " # for the vector
such that (|" #&" | $ I )|I ## = |" #|" " #. Upon spectralizing the unitary V as
follows

V =
"

k

ei" k |Ψk##&&Ψk|, (6)

we obtain the Kraus operators for the map PV,! (#)

PV,! (#) =
"

nm

Cnm#C 
nm, Cnm =

"

k

ei" k Ψk|" "
n#&" "

m|Ψ 
k

!
$m (7)

where|" n#denotesthe eigenvector of %corresponding to the eigenvalue $n.
We then obtain

"

nm

| Tr[C 
nmU]|2 =

"

kh

ei( " k # " h ) Tr[Ψ 
kU  Ψk%! Ψ 

hUΨh]

= Tr[%! S(U, V )  S(U, V )]
(8)

where

S(U, V ) =
"

k

e# i" k Ψ 
kUΨk . (9)

The Þdelity (5) can then be rewritten as follows

F (U, V ) =
1
d2 ||S(U, V )||2. (10)

one would like to use ! (C, P) = ||C! P||C B
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On the most e! cient unitary tr ansformation for programmin g quantum channels 3

will use instead the following distance

! (C, P) .=
!

1 ! F (C, P), (3)

where F (C, P) denotesthe Raginsky Þdelity 9, which for unitary map C "
U = U áU† is equivalent to the channel Þdelity 1

F (U, P) =
1
d2

"

i

| Tr[C†
i U]|2, (4)

where C =
#

i Ci áC†
i . Such Þdelity is also related to the input-output

Þdelity averagedover all pure statesF io (U, P), by the formula F io (U, P) =
[1+ dF (U, P)]/ (d+ 1). Therefore, our optimal unitary V will maximize the
Þdelity

F (V ) .= min
U∈U(H)

F (U, V ), F (U, V ) .= max
σ∈A

F (U, PV,σ) (5)

3. R educing the problem to an operator norm

In the following we will use the GNS representation |! ## = (! $ I )|I ## of
operators ! %B(H), and denote by X ! the transposedwith respect to the
cyclic vector |I ##, i. e. |! ## = (! $ I )|I ## = (I $ ! ! )|I ##, and by X ∗ the
complex conjugated operator X ∗ .= (X ! )†, and write |" ∗# for the vector
such that (|" #&" | $ I )|I ## = |" #|" ∗#. Upon spectralizing the unitary V as
follows

V =
"

k

ei θk |! k ##&&! k |, (6)

we obtain the Kraus operators for the map PV,σ(#)

PV,σ(#) =
"

nm

Cnm #C†
nm , Cnm =

"

k

ei θk ! k |" ∗n #&" ∗m |! †
k

!
$m (7)

where|" n #denotesthe eigenvector of %corresponding to the eigenvalue $n .
We then obtain

"

nm

| Tr[C†
nm U]|2 =

"

kh

ei (θk −θh ) Tr[! †
k U†! k %! ! †

h U! h ]

= Tr[%! S(U, V )†S(U, V )]
(8)

where

S(U, V ) =
"

k

e−i θk ! †
k U! k . (9)

The Þdelity (5) can then be rewritten as follows

F (U, V ) =
1
d2 ||S(U, V )||2. (10)

instead we use

where F (C, P) is the Raginsky Þdelit y
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¥ Bipart it e states |! !! " H # K $ % operators ! " HS(K, H)

|! !! =
!

n m

! n m |n! # |m! .

¥ Matrix notat ion (for Þxed reference basis in the Hilb ert spaces)

A # B |C!! = |AC B ! !! ,

&&A|B !! ' Tr[A  B ].
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On the most e! cient unitary tr ansformation for programmin g quantum channels 3

will use instead the following distance

! (C, P) .=
!

1 ! F (C, P), (3)

where F (C, P) denotes the Raginsky fidelity 9, which for unitary map C "
U = U áU  is equivalent to the channel fidelity 1

F (U, P) =
1
d2

"

i

| Tr[C 
i U]|2, (4)

where C =
#

i Ci áC 
i . Such fidelity is also related to the input-output

fidelity averaged over all pure states F io (U, P), by the formula F io (U, P) =
[1+dF (U, P)]/ (d+1). Therefore, our optimal unitary V will maximize the
fidelity

F (V ) .= min
U ! U(H)

F (U, V ), F (U, V ) .= max
! ! A

F (U, PV,! ) (5)

3. R educing the problem to an operator norm

In the following we will use the GNS representation |! ## = (! $ I )|I ## of
operators ! %B(H), and denote by X ! the transposed with respect to the
cyclic vector |I ##, i. e. |! ## = (! $ I )|I ## = (I $ ! ! )|I ##, and by X " the
complex conjugated operator X " .= (X ! )  , and write |" " # for the vector
such that (|" #&" | $ I )|I ## = |" #|" " #. Upon spectralizing the unitary V as
follows

V =
"

k

ei " k |! k ##&&! k |, (6)

we obtain the Kraus operators for the map PV,! (#)

PV,! (#) =
"

nm

Cnm #C 
nm , Cnm =

"

k

ei " k ! k |" "
n #&" "

m |!  
k

!
$m (7)

where |" n #denotes the eigenvector of %corresponding to the eigenvalue $n .
We then obtain

"

nm

| Tr[C 
nm U]|2 =

"

kh

ei ( " k # " h ) Tr[!  
k U  ! k %! !  

h U! h ]

=Tr[%! S(U, V )  S(U, V )]
(8)

where

S(U, V ) =
"

k

e# i " k !  
k U! k . (9)

The fidelity (5) can then be rewritten as follows

F (U, V ) =
1
d2 ||S(U, V )||2. (10)

transposition
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will use instead the following distance

! (C, P) .=
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1 ! F (C, P), (3)

where F (C, P) denotesthe Raginsky Þdelity 9, which for unitary map C "
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F (U, P) =
1
d2
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| Tr[C†
i U ]|2, (4)

where C =
#

i Ci áC†
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Þdelity averagedover all pure statesF io (U, P), by the formula F io (U, P) =
[1+ dF (U, P)]/(d+ 1). Therefore, our optimal unitary V will maximize the
Þdelity

F (V ) .= min
U ! U(H)

F (U, V ), F (U, V ) .= max
! ! A

F (U, PV,! ) (5)

3. R educing the problem to an operator norm

In the following we will use the GNS representation |! ## = (! $ I)|I## of
operators ! %B(H), and denote by X ! the transposedwith respect to the
cyclic vector |I##, i. e. |! ## = (! $ I)|I## = (I $ ! ! )|I##, and by X " the
complex conjugated operator X " .= (X ! )†, and write |" " # for the vector
such that (|" #&" | $ I)|I## = |" #|" " #. Upon spectralizing the unitary V as
follows

V =
"

k

ei " k |! k ##&&! k |, (6)

we obtain the Kraus operators for the map PV,! (#)

PV,! (#) =
"

nm

Cnm #C†
nm , Cnm =

"

k

ei " k ! k |" "
n #&" "

m |! †
k

!
$m (7)

where|" n #denotesthe eigenvector of %corresponding to the eigenvalue $n .
We then obtain

"

nm

| Tr[C†
nm U ]|2 =

"

kh

ei ( " k # " h ) Tr[! †
k U†! k %! ! †

hU ! h ]

= Tr[%! S(U, V )†S(U, V )]
(8)

where

S(U, V ) =
"

k

e# i " k ! †
k U ! k . (9)

The Þdelity (5) can then be rewritten as follows

F (U, V ) =
1
d2 ||S(U, V )||2. (10)
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On the most efficient unitary tr ansformation for programmin g quantum channels 3

will use instead the following distance

δ(C, P) .=
!

1 ! F (C, P), (3)

where F (C, P) denotesthe Raginsky Þdelity 9, which for unitary map C "
U = U áU  is equivalent to the channel Þdelity 1

F (U, P) =
1
d2

"

i

| Tr[C 
i U]|2, (4)

where C =
#

i Ci áC 
i . Such Þdelity is also related to the input-output

Þdelity averagedover all pure statesF io (U, P), by the formula F io (U, P) =
[1+ dF (U, P)]/ (d+ 1). Therefore, our optimal unitary V will maximize the
Þdelity

F (V ) .= min
U ! U(H)

F (U, V ), F (U, V ) .= max
! ! A

F (U, PV,! ) (5)

3. Reducing the problem to an operator norm

In the following we will use the GNS representation |! ## = (! $ I )|I ## of
operators ! %B(H), and denote by X ! the transposedwith respect to the
cyclic vector |I ##, i. e. |! ## = (! $ I )|I ## = (I $ ! ! )|I ##, and by X " the
complex conjugated operator X " .= (X ! )  , and write |υ" # for the vector
such that (|υ#&υ| $ I )|I ## = |υ#|υ" #. Upon spectralizing the unitary V as
follows

V =
"

k

ei " k |! k ##&&! k |, (6)

we obtain the Kraus operators for the map PV,! (ρ)

PV,! (ρ) =
"

nm

Cnm ρC 
nm , Cnm =

"

k

ei " k ! k |υ"
n #&υ"

m |!  
k

!
λm (7)

where|υn #denotesthe eigenvector of σ corresponding to the eigenvalue λn .
We then obtain

"

nm

| Tr[C 
nm U]|2 =

"

kh

ei ( " k # " h ) Tr[!  
k U  ! k σ! !  

h U! h ]

= Tr[σ! S(U, V )  S(U, V )]
(8)

where

S(U, V ) =
"

k

e# i " k !  
k U! k . (9)

The Þdelity (5) can then be rewritten as follows

F (U, V ) =
1
d2 ||S(U, V )||2. (10)

complex conjugation

! ! HS(K, H), |! "" = (! # I )|I ""

cyclic vector |I !! " H # K
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On the most e! cient unitary tr ansformation for programmin g quantum channels 3

will use instead the following distance

! (C,P) .=
!

1 ! F (C,P), (3)

where F (C,P) denotesthe Raginsky Þdelity 9, which for unitary map C "
U = U · U  is equivalent to the channel Þdelity 1

F (U ,P) =
1
d2

"

i

|Tr[C 
i U]|2, (4)

where C =
#

i Ci · C 
i . Such Þdelity is also related to the input-output

Þdelity averagedover all pure statesF io (U ,P), by the formula F io (U ,P) =
[1+ dF (U ,P)]/ (d+ 1). Therefore, our optimal unitary V will maximize the
Þdelity

F (V ) .= min
U ! U(H)

F (U, V ), F (U, V ) .= max
! ! A

F (U ,PV,! ) (5)

3. Reducing the problem to an operator norm

In the following we will use the GNS representation |Ψ## = (Ψ $ I )|I ## of
operators Ψ %B(H), and denote by X ! the transposedwith respect to the
cyclic vector |I ##, i. e. |Ψ## = (Ψ $ I )|I ## = (I $ Ψ! )|I ##, and by X " the
complex conjugated operator X " .= (X ! )  , and write |" " # for the vector
such that (|" #&" | $ I )|I ## = |" #|" " #. Upon spectralizing the unitary V as
follows

V =
"

k

ei " k |Ψk ##&&Ψk |, (6)

we obtain the Kraus operators for the map PV,! (#)

PV,! (#) =
"

nm

Cnm #C 
nm , Cnm =

"

k

ei " k Ψk |" "
n #&" "

m |Ψ 
k

!
$m (7)

where |" n #denotesthe eigenvector of %corresponding to the eigenvalue $n .
We then obtain

"

nm

|Tr[C 
nm U]|2 =

"

kh

ei (" k # " h ) Tr[Ψ 
k U  Ψk %! Ψ 

h UΨh ]

= Tr[%! S(U, V )  S(U, V )]
(8)

where

S(U, V ) =
"

k

e# i " k Ψ 
k UΨk . (9)

The Þdelity (5) can then be rewritten as follows

F (U, V ) =
1
d2

||S(U, V )||2. (10)
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U = U · U   is equivalent to the channel Þdelity 1
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where C =
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Þdelity averagedover all pure statesF io (U ,P), by the formula F io (U ,P) =
[1+ dF (U ,P)]/(d+ 1). Therefore, our optimal unitary V will maximize the
Þdelity

F (V ) .= min
U ! U(H)

F (U, V ), F (U, V ) .= max
! ! A

F (U ,PV,! ) (5)
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In the following we will use the GNS representation |Ψ〉〉 = (Ψ ⊗ I)|I〉〉 of
operators Ψ ∈ B(H), and denote by X ! the transposedwith respect to the
cyclic vector |I〉〉, i. e. |Ψ〉〉 = (Ψ ⊗ I)|I〉〉 = (I ⊗ Ψ! )|I〉〉, and by X " the
complex conjugated operator X " .= (X ! )  , and write |" " 〉 for the vector
such that (|" 〉〈" | ⊗ I)|I〉〉 = |" 〉|" " 〉. Upon spectralizing the unitary V as
follows

V =
"

k

ei " k |Ψk 〉〉〈〈Ψk |, (6)

we obtain the Kraus operators for the map PV,! (#)

PV,! (#) =
"

nm

Cnm #C  
nm , Cnm =

"

k

ei " k Ψk |" "
n 〉〈" "

m |Ψ 
k

!
$m (7)

where |" n 〉 denotesthe eigenvector of %corresponding to the eigenvalue $n .
We then obtain

"

nm

|Tr[C  
nm U ]|2 =

"
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ei (" k # " h ) Tr[Ψ 
k U   Ψk %! Ψ 

hUΨh ]

= Tr[%! S(U, V )  S(U, V )]
(8)

where

S(U, V ) =
"

k

e# i " k Ψ 
k UΨk . (9)

The Þdelity (5) can then be rewritten as follows

F (U, V ) =
1
d2

||S(U, V )||2. (10)
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where C =
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Þdelity

F (V ) .= min
U ! U(H)

F (U, V ), F (U, V ) .= max
! ! A

F (U, PV,! ) (5)

3. R educing the problem to an operator norm

In the following we will use the GNS representation |! ## = (! $ I )|I ## of
operators ! %B(H), and denote by X ! the transposedwith respect to the
cyclic vector |I ##, i. e. |! ## = (! $ I )|I ## = (I $ ! ! )|I ##, and by X " the
complex conjugated operator X " .= (X ! )  , and write |" " # for the vector
such that (|" #&" | $ I )|I ## = |" #|" " #. Upon spectralizing the unitary V as
follows

V =
"

k

ei " k |! k ##&&! k |, (6)

we obtain the Kraus operators for the map PV,! (#)

PV,! (#) =
"

nm

Cnm #C 
nm , Cnm =

"

k

ei " k ! k |" "
n #&" "
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!
$m (7)

where|" n #denotesthe eigenvector of %corresponding to the eigenvalue $n .
We then obtain
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| Tr[C 
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"
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where F (C, P) denotesthe Raginsky Þdelity 9, which for unitary map C "
U = U áU  is equivalent to the channel Þdelity 1

F (U, P) =
1
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"
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i U]|2, (4)

where C =
#

i Ci áC 
i . Such Þdelity is also related to the input-output

Þdelity averagedover all pure statesF io (U, P), by the formula F io (U, P) =
[1+ dF (U, P)]/ (d+ 1). Therefore, our optimal unitary V will maximize the
Þdelity

F (V ) .= min
U ! U(H)

F (U, V ), F (U, V ) .= max
σ! A

F (U, PV,σ) (5)

3. R educing the problem to an operator norm

In the following we will use the GNS representation |! ## = (! $ I )|I ## of
operators ! %B(H), and denote by X ! the transposedwith respect to the
cyclic vector |I ##, i. e. |! ## = (! $ I )|I ## = (I $ ! ! )|I ##, and by X " the
complex conjugated operator X " .= (X ! )  , and write |" " # for the vector
such that (|" #&" | $ I )|I ## = |" #|" " #. Upon spectralizing the unitary V as
follows

V =
"

k

ei θk |! k ##&&! k |, (6)

we obtain the Kraus operators for the map PV,σ(#)

PV,σ(#) =
"

nm

Cnm #C 
nm , Cnm =

"

k

ei θk ! k |" "
n #&" "

m |!  
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!
$m (7)

where|" n #denotesthe eigenvector of %corresponding to the eigenvalue $n .
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1
d2 ||S(U, V )||2. (10)
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V =
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nm , Cnm =
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where F (C,P) denotesthe Raginsky Þdelity 9, which for unitary map C "
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where C =
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Þdelity averagedover all pure statesF io (U ,P), by the formula F io (U ,P) =
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U ! U(H)
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F (U ,PV,! ) (5)
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In the following we will use the GNS representation |! ## = (! $ I )|I ## of
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Krauss for!

Max over !
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will use instead the following distance

! (C,P) .=
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where F (C,P) denotesthe Raginsky Þdelity 9, which for unitary map C ≡
U = U · U   is equivalent to the channel Þdelity 1

F (U ,P) =
1
d2

"

i

|Tr[C  
i U ]|2, (4)

where C =
#

i Ci · C  
i . Such Þdelity is also related to the input-output

Þdelity averagedover all pure statesF io (U ,P), by the formula F io (U ,P) =
[1+ dF (U ,P)]/(d+ 1). Therefore, our optimal unitary V will maximize the
Þdelity

F (V ) .= min
U ! U(H)

F (U, V ), F (U, V ) .= max
! ! A

F (U ,PV,! ) (5)

3. Reducing the problem to an operator norm

In the following we will use the GNS representation |Ψ〉〉 = (Ψ ⊗ I)|I〉〉 of
operators Ψ ∈ B(H), and denote by X ! the transposedwith respect to the
cyclic vector |I〉〉, i. e. |Ψ〉〉 = (Ψ ⊗ I)|I〉〉 = (I ⊗ Ψ! )|I〉〉, and by X " the
complex conjugated operator X " .= (X ! )  , and write |" " 〉 for the vector
such that (|" 〉〈" | ⊗ I)|I〉〉 = |" 〉|" " 〉. Upon spectralizing the unitary V as
follows

V =
"

k

ei " k |Ψk 〉〉〈〈Ψk |, (6)

we obtain the Kraus operators for the map PV,! (#)

PV,! (#) =
"

nm

Cnm #C  
nm , Cnm =

"

k

ei " k Ψk |" "
n 〉〈" "

m |Ψ 
k

!
$m (7)

where |" n 〉 denotesthe eigenvector of %corresponding to the eigenvalue $n .
We then obtain

"

nm

|Tr[C  
nm U ]|2 =

"

kh

ei (" k # " h ) Tr[Ψ 
k U   Ψk %! Ψ 

hUΨh ]

= Tr[%! S(U, V )  S(U, V )]
(8)

where

S(U, V ) =
"

k

e# i " k Ψ 
k UΨk . (9)

The Þdelity (5) can then be rewritten as follows

F (U, V ) =
1
d2

||S(U, V )||2. (10)
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4. Solution for the qubit case

The operator S(U, V ) in Eq. (9) can be written as follows

S(U, V ) = Tr1[(Uᵀ ! I )V ∗] . (11)

Changing V by local unitary operators transforms S(U, V ) in the following
fashion

S(U, (W1 ! W2)V (W3 ! W4)) = W ∗
2 S(W  

1 UW  
3 , V )W ∗

4 , (12)

namely the local unitaries do not change the minimum Þdelity, since the
unitaries on the ancilla just imply a di! erent program state, whereasthe
unitaries on the system just imply that the minimum Þdelity is achieved
for a di! erent unitaryÑsa y W  

1 UW  
3 instead of U.

For system and ancilla both two-dimensional,one can parameterizeall
possiblejoint unitary operators as follows10

V = (W1! W2) exp[i (! 1" 1! " 1
ᵀ+ ! 2" 2! " 2

ᵀ+ ! 3" 3! " 3
ᵀ)](W3! W4) . (13)

A possiblequantum circuit to achieve V in Eq. (13) can be designedusing
the identities

[" ! ! " ! , " " ! " " ] = 0,

C(" x ! I )C = " x ! " x ,

C(I ! " z )C = " " z ! " z ,
!

e−
i !
4 #z ! e−

i !
4 #z

"
C(" x ! I )C

!
e

i !
4 #z !

i !
4 #z

"
= " y ! " y ,

(14)

where C denotesthe controlled-NOT

C = |0#$0| ! I + |1#$1| ! " x . (15)

This gives the quantum circuit in Fig. 1. The problem is now reduced to

W1 ¥ X ! 1 ¥ Z− !
4 ¥ X−! 2 ¥ Z !

4 W3

W2
!"#$%&'(Z! 3

!"#$%&'(Z− !
4

!"#$%&'( !"#$%&'(Z !
4 W4

Figure 1. Quantum circuit scheme for the general join t unitary operator V in Eq. (13).
Here we use the notation G! = exp(iφσG ) with G = X , Y, Z .

study only joint unitary operators of the form

V = exp[(i (! 1" 1 ! " 1
ᵀ + ! 2" 2 ! " 2

ᵀ + ! 3" 3 ! " 3
ᵀ)] . (16)
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unitaries on the system just imply that the minimum Þdelity is achieved
for a di! erent unitaryÑsa y W  
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3 instead of U.
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possiblejoint unitary operators as follows10

V = (W1! W2) exp[i (! 1" 1! " 1
! + ! 2" 2! " 2

! + ! 3" 3! " 3
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Figure 1. Quantum circuit scheme for the general join t unitary operator V in Eq. (13).
Here we use the notation G! = exp(i!" G ) with G = X, Y, Z.

study only joint unitary operators of the form

V = exp[(i (! 1" 1 ! " 1
! + ! 2" 2 ! " 2

! + ! 3" 3 ! " 3
! )] . (16)
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4. Solution for the qubit case

The operator S(U, V ) in Eq. (9) can be written as follows

S(U, V ) = Tr1[(U! ! I )V ∗] . (11)

Changing V by local unitary operators transforms S(U, V ) in the following
fashion

S(U, (W1 ! W2)V (W3 ! W4)) = W ∗
2 S(W  
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4 , (12)

namely the local unitaries do not change the minimum Þdelity, since the
unitaries on the ancilla just imply a di! erent program state, whereasthe
unitaries on the system just imply that the minimum Þdelity is achieved
for a di! erent unitaryÑsa y W  

1 UW  
3 instead of U.

For system and ancilla both two-dimensional,one can parameterizeall
possiblejoint unitary operators as follows10

V = (W1! W2) exp[i (! 1" 1! " 1
! + ! 2" 2! " 2

! + ! 3" 3! " 3
! )](W3! W4) . (13)

A possiblequantum circuit to achieve V in Eq. (13) can be designedusing
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C(" x ! I )C = " x ! " x ,
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e−
i !
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e
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4 σz !

i !
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(14)

where C denotesthe controlled-NOT

C = |0#$0| ! I + |1#$1| ! " x . (15)
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Figure 1. Quantum circuit scheme for the general join t unitary operator V in Eq. (13).
Here we use the notation G! = exp(i !" G) with G = X , Y, Z .

study only joint unitary operators of the form

V = exp[(i (! 1" 1 ! " 1
! + ! 2" 2 ! " 2

! + ! 3" 3 ! " 3
! )] . (16)
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4. Solution for the qubit case

The operator S(U, V ) in Eq. (9) can be written as follows
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4. Solution for the qubit case

The operator S(U, V ) in Eq. (9) can be written as follows

S(U, V ) = Tr1[(U! ! I )V ! ] . (11)

Changing V by local unitary operators transforms S(U, V ) in the following
fashion

S(U, (W1 ! W2)V (W3 ! W4)) = W !
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namely the local unitaries do not change the minimum Þdelity, since the
unitaries on the ancilla just imply a di! erent program state, whereasthe
unitaries on the system just imply that the minimum Þdelity is achieved
for a di! erent unitaryÑsa y W  
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3 instead of U.

For system and ancilla both two-dimensional,one can parameterizeall
possiblejoint unitary operators as follows10

V = (W1! W2) exp[i (α1σ1! σ1
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! )](W3! W4) . (13)

A possiblequantum circuit to achieve V in Eq. (13) can be designedusing
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!
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!
e

i !
4 #z !

i !
4 #z

"
= σy ! σy ,

(14)

where C denotesthe controlled-NOT
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Figure 1. Quantum circuit scheme for the general join t unitary operator V in Eq. (13).
Here we use the notation G! = exp(i !" G ) with G = X , Y, Z .

study only joint unitary operators of the form

V = exp[(i (α1σ1 ! σ1
! + α2σ2 ! σ2

! + α3σ3 ! σ3
! )] . (16)
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i !
4 #z !

i !
4 #z

"
= " y ! " y ,

(14)

where C denotesthe controlled-NOT
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Figure 1. Quantum circuit scheme for the general join t unitary operator V in Eq. (13).
Here we use the notation G! = exp(i !" G ) with G = X , Y, Z .
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This has eigenvectors

|! j 〉〉 =
1√
2

|! j 〉〉, (17)

where ! j , j = 0, 1, 2, 3 denote the Pauli matrices ! 0 = I , ! 1 = ! x , ! 2 = ! y ,
! 3 = ! z . This meansthat we can rewrite S(U, V ) in Eq. (9) as follows

S(U, V ) =
1
2

3!

j =0

e! i ! j ! j U! j , (18)

with

"0 = #1 + #2 + #3 , " i = 2#i − " 0 . (19)

The unitary U belongsto SU(2), and can be written in the Bloch form

U = n0I + in á! , (20)

with nk ∈ R and n2
0 + |n|2 = 1. Using the identit y

! j ! l ! j = $j l ! l , $j 0 = $j j = 1, $j l = −1, l %= 0, j , (21)

we can rewrite

S(U, V ) = ÷n0I + ÷n á! , (22)

where

÷nj = t j nj , 0≤ j ≤ 3, t0 =
1
2

3!

j =0

e! i ! j ,

t j = e! i ! 0 + e! i ! j − t0, 1≤ j ≤ 3, t j = |t j |ei " j , 0≤ j ≤ 3,

(23)

It is now easyto evaluate the operator S(U, V )  S(U, V ). One has

S(U, V )  S(U, V ) = v0I + v á! ,

v0 = |÷n0|2 + |÷n|2, v = i [2'(÷n0 ÷n" ) + ÷n" × ÷n] .
(24)

Now, the maximum eigenvalue of S(U, V )  S(U, V ) is v0 + |v |, and one has

|v |2 =
3!

i,j =0

|÷ni |2|÷nj |2 − ÷n" 2
i ÷n2

j = 2
3!

i,j =0

|÷ni |2|÷nj |2 sin2(%i −%j ), (25)

whencethe norm of S(U, V ) is given by

||S(U, V )||2 =
3!

j =0

n2
j |t j |2 +

"#
#
$ 2

3!

i,j =0

n2
i n2

j |t i |2|t j |2 sin2(%i −%j ) . (26)
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This has eigenvectors

|! j !! =
1

"
2

|σj !! , (17)

whereσj , j = 0, 1, 2, 3 denote the Pauli matrices σ0 = I , σ1 = σx , σ2 = σy ,
σ3 = σz . This meansthat we can rewrite S(U, V ) in Eq. (9) as follows

S(U, V ) =
1
2

3!

j =0

e! i ! j σj Uσj , (18)

with

θ0 = α1 + α2 + α3 , θi = 2αi # θ0 . (19)

The unitary U belongsto SU(2), and can be written in the Bloch form

U = n0I + in áσ , (20)

with nk $ R and n2
0 + |n|2 = 1. Using the identit y

σj σl σj = εj l σl , εj 0 = εj j = 1, εj l = # 1, l %= 0, j , (21)

we can rewrite

S(U, V ) = ÷n0I + ÷n áσ, (22)

where

÷nj = t j nj , 0 & j & 3, t0 =
1
2

3!

j =0

e! i ! j ,

t j = e! i ! 0 + e! i ! j # t0, 1 & j & 3, t j = |t j |ei " j , 0 & j & 3,

(23)

It is now easyto evaluate the operator S(U, V )  S(U, V ). One has

S(U, V )  S(U, V ) = v0I + v áσ,

v0 = |÷n0|2 + |÷n|2, v = i [2' (÷n0 ÷n" ) + ÷n" ( ÷n] .
(24)

Now, the maximum eigenvalue of S(U, V )  S(U, V ) is v0 + |v |, and one has

|v |2 =
3!

i,j =0

|÷ni |2|÷nj |2 # ÷n" 2
i ÷n2

j = 2
3!

i,j =0

|÷ni |2|÷nj |2 sin2(φi # φj ), (25)

whencethe norm of S(U, V ) is given by

||S(U, V )||2 =
3!

j =0

n2
j |t j |2 +

"#
#
$ 2

3!

i,j =0

n2
i n2

j |t i |2|t j |2 sin2(φi # φj ) . (26)
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This has eigenvectors

|Ψj !! =
1

"
2

|! j !! , (17)

where ! j , j = 0, 1, 2, 3 denote the Pauli matrices ! 0 = I, ! 1 = ! x , ! 2 = ! y ,
! 3 = ! z . This means that we can rewrite S(U, V ) in Eq. (9) as follows

S(U, V ) =
1
2

3!

j =0

e! i ! j ! j U ! j , (18)

with

" 0 = #1 + #2 + #3 , " i = 2#i # "0 . (19)

The unitary U belongs to SU(2), and can be written in the Bloch form

U = n0I + in á! , (20)

with nk $ R and n2
0 + |n|2 = 1. Using the identity

! j ! l ! j = $j l ! l , $j 0 = $j j = 1, $j l = # 1 , l %= 0, j, (21)

we can rewrite

S(U, V ) = ñ0I + ñ á! , (22)

where

ñj =tj nj , 0 & j & 3, t0 =
1
2

3!

j =0

e! i ! j ,

tj =e! i ! 0 + e! i ! j # t0, 1 & j & 3, tj = |tj |ei " j , 0 & j & 3,

(23)

It is now easy to evaluate the operator S(U, V )  S(U, V ). One has

S(U, V )  S(U, V ) =v0I + v á! ,

v0 =|ñ0|2 + |ñ |2, v = i [2' (ñ0ñ" ) + ñ " ( ñ] .
(24)

Now, the maximum eigenvalue of S(U, V )  S(U, V ) is v0 + |v |, and one has

|v |2 =
3!

i,j =0

|ñi |2|ñj |2 # ñ" 2
i ñ2

j = 2
3!

i,j =0

|ñi |2|ñj |2 sin2(%i # %j ), (25)

whence the norm of S(U, V ) is given by

||S(U, V )||2 =
3!

j =0

n2
j |tj |2 +

"#
#
$ 2

3!

i,j =0

n2
i n

2
j |ti |2|tj |2 sin2(%i # %j ) . (26)
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with
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0 + |n|2 = 1. Using the identity

! j ! l ! j = $j l ! l , $j 0 = $j j = 1, $j l = # 1 , l %= 0, j , (21)

we can rewrite

S(U, V ) = ñ0I + ñ á! , (22)

where

ñj =t j nj , 0 & j & 3, t0 =
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2
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j =0

e! i ! j ,

t j =e! i ! 0 + e! i ! j # t0, 1 & j & 3, t j = |t j |ei " j , 0 & j & 3,

(23)

It is now easy to evaluate the operator S(U, V )  S(U, V ). One has

S(U, V )  S(U, V ) =v0I + v á! ,

v0 =|ñ0|2 + |ñ |2, v = i [2' (ñ0ñ" ) + ñ " ( ñ] .
(24)

Now, the maximum eigenvalue of S(U, V )  S(U, V ) is v0 + |v |, and one has

|v |2 =
3!

i,j =0

|ñi |2|ñj |2 # ñ" 2
i ñ2

j = 2
3!

i,j =0

|ñi |2|ñj |2 sin2(%i # %j ), (25)

whence the norm of S(U, V ) is given by

||S(U, V )||2 =
3!

j =0
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j |t j |2 +
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#
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i,j =0

n2
i n2

j |t i |2|t j |2 sin2(%i # %j ) . (26)

September 25, 2005 1:2 Pro ceedings Trim Size: 9in x 6in unitappro xúQP

On the most e! cient unitary tr ansformation for programmin g quantum channels 5

This has eigenvectors

|! j !! =
1

"
2

|! j !! , (17)

where ! j , j = 0, 1, 2, 3 denote the Pauli matrices ! 0 = I , ! 1 = ! x , ! 2 = ! y ,
! 3 = ! z . This meansthat we can rewrite S(U, V ) in Eq. (9) as follows

S(U, V ) =
1
2

3!

j =0

e! i ! j ! j U! j , (18)

with

"0 = #1 + #2 + #3 , " i = 2#i # "0 . (19)

The unitary U belongsto SU(2), and can be written in the Bloch form

U = n0I + in · ! , (20)

with nk $ R and n2
0 + |n |2 = 1. Using the identit y

! j ! l ! j = $j l ! l , $j 0 = $j j = 1, $j l = # 1, l %= 0, j , (21)

we can rewrite

S(U, V ) = ÷n0I + ÷n · ! , (22)

where

÷nj = t j nj , 0 & j & 3, t0 =
1
2

3!

j =0

e! i ! j ,

t j = e! i ! 0 + e! i ! j # t0, 1 & j & 3, t j = |t j |ei " j , 0 & j & 3,

(23)

It is now easyto evaluate the operator S(U, V )  S(U, V ). One has

S(U, V )  S(U, V ) = v0I + v · ! ,

v0 = |÷n0|2 + |÷n|2, v = i [2' (÷n0 ÷n" ) + ÷n" ( ÷n] .
(24)

Now, the maximum eigenvalue of S(U, V )  S(U, V ) is v0 + |v |, and one has

|v |2 =
3!

i,j =0

|÷ni |2|÷nj |2 # ÷n" 2
i ÷n2

j = 2
3!

i,j =0

|÷ni |2|÷nj |2 sin2(%i # %j ), (25)

whencethe norm of S(U, V ) is given by

||S(U, V )||2 =
3!

j =0

n2
j |t j |2 +

"#
#
$ 2

3!

i,j =0

n2
i n2

j |t i |2|t j |2 sin2(%i # %j ) . (26)
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On the most e! cient unitary tr ansformation for programmin g quantum channels 5

This has eigenvectors

|! j !! =
1

"
2

|! j !! , (17)

where ! j , j = 0, 1, 2, 3 denote the Pauli matrices ! 0 = I , ! 1 = ! x , ! 2 = ! y ,
! 3 = ! z . This meansthat we can rewrite S(U, V ) in Eq. (9) as follows

S(U, V ) =
1
2

3!

j =0

e−i ! j ! j U! j , (18)

with

"0 = #1 + #2 + #3 , " i = 2#i # "0 . (19)

The unitary U belongsto SU(2), and can be written in the Bloch form

U = n0I + in á! , (20)

with nk $ R and n2
0 + |n|2 = 1. Using the identit y

! j ! l ! j = $j l ! l , $j 0 = $j j = 1, $j l = # 1, l %= 0, j , (21)

we can rewrite

S(U, V ) = ÷n0I + ÷n á! , (22)

where

÷nj = t j nj , 0 & j & 3, t0 =
1
2

3!

j =0

e−i ! j ,

t j = e−i ! 0 + e−i ! j # t0, 1 & j & 3, t j = |t j |ei " j , 0 & j & 3,

(23)

It is now easyto evaluate the operator S(U, V )  S(U, V ). One has

S(U, V )  S(U, V ) = v0I + v á! ,

v0 = |÷n0|2 + |÷n|2, v = i [2' (÷n0 ÷n∗) + ÷n∗ ( ÷n] .
(24)

Now, the maximum eigenvalue of S(U, V )  S(U, V ) is v0 + |v |, and one has

|v |2 =
3!

i,j =0

|÷ni |2|÷nj |2 # ÷n∗2
i ÷n2

j = 2
3!

i,j =0

|÷ni |2|÷nj |2 sin2(%i # %j ), (25)

whencethe norm of S(U, V ) is given by

||S(U, V )||2 =
3!

j =0

n2
j |t j |2 +

"#
#
$ 2

3!

i,j =0

n2
i n2

j |t i |2|t j |2 sin2(%i # %j ) . (26)

Bloch representation:
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On the most e! cient unitary tr ansformation for programmin g quantum channels 5

This has eigenvectors

|! j !! =
1

"
2

|! j !! , (17)

where ! j , j = 0, 1, 2, 3 denote the Pauli matrices ! 0 = I , ! 1 = ! x , ! 2 = ! y ,
! 3 = ! z . This meansthat we can rewrite S(U, V ) in Eq. (9) as follows

S(U, V ) =
1
2

3!

j =0

e! i ! j ! j U! j , (18)

with

"0 = #1 + #2 + #3 , " i = 2#i # "0 . (19)

The unitary U belongsto SU(2), and can be written in the Bloch form

U = n0I + i$n á$! , (20)

with nk $ R and n2
0 + |$n|2 = 1. Using the identit y

! j ! l ! j = %j l ! l , %j 0 = %j j = 1, %j l = # 1, l %= 0, j , (21)

we can rewrite

S(U, V ) = ÷n0I + ÷$n á$! , (22)

where

÷nj = t j nj , 0 & j & 3, t0 =
1
2

3!

j =0

e! i ! j ,

t j = e! i ! 0 + e! i ! j # t0, 1 & j & 3, t j = |t j |ei " j , 0 & j & 3,

(23)

It is now easyto evaluate the operator S(U, V )  S(U, V ). One has

S(U, V )  S(U, V ) = v0I + $v á$! ,

v0 = |÷n0|2 + |÷$n|2, $v = i
"
2' (÷n0

÷$n" ) + ÷$n" ( ÷$n
#

.
(24)

Now, the maximum eigenvalue of S(U, V )  S(U, V ) is v0 + |$v|, and one has

|$v|2 =
3!

i,j =0

|÷ni |2|÷nj |2 # ÷n" 2
i ÷n2

j = 2
3!

i,j =0

|÷ni |2|÷nj |2 sin2(&i # &j ), (25)

whencethe norm of S(U, V ) is given by

||S(U, V )||2 =
3!

j =0

n2
j |t j |2 +

$%
%
& 2

3!

i,j =0

n2
i n2

j |t i |2|t j |2 sin2(&i # &j ) . (26)

eigenvectors: (Bell basis)
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4. Solution for the qubit case

The operator S(U, V ) in Eq. (9) can be written as follows

S(U, V ) = Tr1[(U! ! I )V ! ] . (11)

Changing V by local unitary operators transforms S(U, V ) in the following
fashion

S(U, (W1 ! W2)V (W3 ! W4)) = W !
2 S(W  

1 UW  
3 , V )W !

4 , (12)

namely the local unitaries do not change the minimum Þdelity, since the
unitaries on the ancilla just imply a di! erent program state, whereasthe
unitaries on the system just imply that the minimum Þdelity is achieved
for a di! erent unitaryÑsa y W  

1 UW  
3 instead of U.

For system and ancilla both two-dimensional,one can parameterizeall
possiblejoint unitary operators as follows10

V = (W1! W2) exp[i (! 1" 1! " 1
! + ! 2" 2! " 2

! + ! 3" 3! " 3
! )](W3! W4) . (13)

A possiblequantum circuit to achieve V in Eq. (13) can be designedusing
the identities

[" ! ! " ! , " " ! " " ] = 0,

C(" x ! I )C = " x ! " x ,

C(I ! " z )C = " " z ! " z ,
!

e" i !
4 #z ! e" i !

4 #z

"
C(" x ! I )C

!
e

i !
4 #z !

i !
4 #z

"
= " y ! " y ,

(14)

where C denotesthe controlled-NOT

C = |0#$0| ! I + |1#$1| ! " x . (15)

This gives the quantum circuit in Fig. 1. The problem is now reduced to

W1 ¥ X ! 1 ¥ Z" !
4

¥ X " ! 2 ¥ Z !
4 W3

W2
!"#$%&'(Z! 3

!"#$%&'(Z" !
4

!"#$%&'( !"#$%&'(Z !
4 W4

Figure 1. Quantum circuit scheme for the general join t unitary operator V in Eq. (13).
Here we use the notation G! = exp(i !" G ) with G = X , Y, Z .

study only joint unitary operators of the form

V = exp[(i (! 1" 1 ! " 1
! + ! 2" 2 ! " 2

! + ! 3" 3 ! " 3
! )] . (16)
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Notice that the unitary U which is programmed with minimum Þdelity in
generalwill not not be unique, sincethe expressionfor the Þdelity depends
on { n2

j } . Notice alsothat using the decomposition in Eq. (13) the minimum
Þdelity just dependson the phases{ ! j } , and the local unitaries will appear
only in the deÞnitions of the optimal program state and of the worstly
approximated unitary . It is convenient to write Eq. (26) as follows

||S(U, V )||2 = u át +
!

u áTu . (27)

where u = (n2
0, n2

1, n2
2, n2

3), t = (|t0|2, |t1|2, |t2|2, |t3|2), and T ij =
|t i |2|t j |2 sin2(" i " " j ). One has the bounds

u át +
!

u áTu # u át # min
j

|t j |2, (28)

and the bound is achieved on one of the for extremal points ul = #l j of
the domain of u which is the convex set { u, uj # 0,

!
j uj = 1} (the

positive octant of the unit four dimensionalball S4
+ ). Therefore, the Þdelity

minimized over all unitaries is given by

F (V ) =
1
d2 min

j
|t j |2. (29)

The optimal unitary V is now obtained by maximizing F (V ). We need
then to consider the decomposition Eq. (13), and then to maximize the
minimum amongthe four eigenvaluesof S(U, V )  S(U, V ). Notice that t j =!

µ H j µ ei ! µ , where H is the Hadamard matrix

H =
1
2

"

#
#
$

1 1 1 1
1 1 " 1 " 1
1 " 1 1 " 1
1 " 1 " 1 1

%

&
&
' , (30)

which is unitary , and consequently
!

j |t j |2 =
!

j |ei ! j |2 = 4. This implies
that minj |t j | $ 1. We now provide a choice of phases! j such that |t j | = 1
for all j , achieving the maximum Þdelity allowed. For instance, we can
take ! 0 = 0, ! 1 = $/ 2, ! 2 = $, ! 3 = $/ 2, corresponding to the eigenvalues
i, 1, " i, 1 for V . Another solution is ! 0 = 0, ! 1 = " $/ 2, ! 2 = $, ! 3 = " $/ 2.
Also one can set ! i % " ! i . The eigenvalues of S(U, V )  S(U, V ) are then
1, 1, 1, 1, while for the Þdelity we have

F .= max
V ! U(H! 2)

F (V ) =
1
d2 =

1
4

, (31)

and the corresponding optimal V has the form

V = exp
(
± i

$
4

(%x & %x ± %z & %z)
)

. (32)
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Notice that the unitary U which is programmed with minimum Þdelity in
generalwill not not be unique, sincethe expressionfor the Þdelity depends
on { n2

j } . Notice alsothat using the decomposition in Eq. (13) the minimum
Þdelity just dependson the phases{ θj } , and the local unitaries will appear
only in the deÞnitions of the optimal program state and of the worstly
approximated unitary . It is convenient to write Eq. (26) as follows

||S(U, V )||2 = u át +
!

u áTu . (27)

where u = (n2
0, n2

1, n2
2, n2

3), t = (|t0|2, |t1|2, |t2|2, |t3|2), and T ij =
|t i |2|t j |2 sin2(φi " φj ). One has the bounds

u át +
!

u áTu # u át # min
j

|t j |2, (28)

and the bound is achieved on one of the for extremal points ul = δl j of
the domain of u which is the convex set { u, uj # 0,

!
j uj = 1} (the

positive octant of the unit four dimensionalball S4
+ ). Therefore, the Þdelity

minimized over all unitaries is given by

F (V ) =
1
d2 min

j
|t j |2. (29)

The optimal unitary V is now obtained by maximizing F (V ). We need
then to consider the decomposition Eq. (13), and then to maximize the
minimum amongthe four eigenvaluesof S(U, V )†S(U, V ). Notice that t j =!

µ H j µ ei ! µ , where H is the Hadamard matrix

H =
1
2

"

#
#
$

1 1 1 1
1 1 " 1 " 1
1 " 1 1 " 1
1 " 1 " 1 1

%

&
&
' , (30)

which is unitary , and consequently
!

j |t j |2 =
!

j |ei ! j |2 = 4. This implies
that minj |t j | $ 1. We now provide a choice of phasesθj such that |t j | = 1
for all j , achieving the maximum Þdelity allowed. For instance, we can
take θ0 = 0, θ1 = π/ 2, θ2 = π, θ3 = π/ 2, corresponding to the eigenvalues
i, 1, " i, 1 for V . Another solution is θ0 = 0, θ1 = " π/ 2, θ2 = π, θ3 = " π/ 2.
Also one can set θi % " θi . The eigenvalues of S(U, V )†S(U, V ) are then
1, 1, 1, 1, while for the Þdelity we have

F .= max
V ! U(H! 2)

F (V ) =
1
d2 =

1
4

, (31)

and the corresponding optimal V has the form

V = exp
(
± i

π

4
(σx & σx ± σz & σz )

)
. (32)
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Notice that the unitary U which is programmed with minimum fidelity in
general will not not be unique, since the expression for the fidelity depends
on { n2

j } . Notice also that using the decomposition in Eq. (13) the minimum
fidelity just depends on the phases { ! j } , and the local unitaries will appear
only in the definitions of the optimal program state and of the worstly
approximated unitary. It is convenient to write Eq. (26) as follows

||S(U, V )||2 = u át +
!

u áTu . (27)

where u = (n2
0, n2

1, n2
2, n2

3), t = (|t0|2, |t1|2, |t2|2, |t3|2), and T ij =
|t i |2|t j |2 sin2(" i " " j ). One has the bounds

u át +
!

u áTu # u át # min
j

|t j |2, (28)

and the bound is achieved on one of the for extremal points ul = #l j of
the domain of u which is the convex set { u, uj # 0,

!
j uj = 1} (the

positive octant of the unit four dimensional ball S4
+ ). Therefore, the fidelity

minimized over all unitaries is given by

F (V ) =
1
d2 min

j
|t j |2. (29)

The optimal unitary V is now obtained by maximizing F (V ). We need
then to consider the decomposition Eq. (13), and then to maximize the
minimum among the four eigenvalues of S(U, V )  S(U, V ). Notice that t j =!

µ H j µ ei θµ , where H is the Hadamard matrix

H =
1
2

"

#
#
$

1 1 1 1
1 1 " 1 " 1
1 " 1 1 " 1
1 " 1 " 1 1

%

&
&
' , (30)

which is unitary, and consequently
!

j |t j |2 =
!

j |ei θj |2 = 4. This implies
that minj |t j | $ 1. We now provide a choice of phases ! j such that |t j | = 1
for all j , achieving the maximum fidelity allowed. For instance, we can
take ! 0 = 0, ! 1 = $/ 2, ! 2 = $, ! 3 = $/ 2, corresponding to the eigenvalues
i, 1, " i, 1 for V . Another solution is ! 0 = 0, ! 1 = " $/ 2, ! 2 = $, ! 3 = " $/ 2.
Also one can set ! i % " ! i . The eigenvalues of S(U, V )  S(U, V ) are then
1, 1, 1, 1, while for the fidelity we have

F .= max
V ∈U(H⊗2)

F (V ) =
1
d2 =

1
4

, (31)

and the corresponding optimal V has the form

V = exp
(
± i

$
4

(%x & %x ± %z & %z)
)

. (32)
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Notice that the unitary U which is programmed with minimum Þdelity in
generalwill not not be unique, sincethe expressionfor the Þdelity depends
on { n2

j } . Notice alsothat using the decomposition in Eq. (13) the minimum
Þdelity just dependson the phases{ ! j } , and the local unitaries will appear
only in the deÞnitions of the optimal program state and of the worstly
approximated unitary . It is convenient to write Eq. (26) as follows

||S(U, V )||2 = u át +
!

u áTu . (27)

where u = (n2
0, n2

1, n2
2, n2

3), t = (|t0|2, |t1|2, |t2|2, |t3|2), and T ij =
|t i |2|t j |2 sin2(" i " " j ). One has the bounds

u át +
!

u áTu # u át # min
j

|t j |2, (28)

and the bound is achieved on one of the for extremal points ul = #l j of
the domain of u which is the convex set { u, uj # 0,

!
j uj = 1} (the

positive octant of the unit four dimensionalball S4
+ ). Therefore, the Þdelity

minimized over all unitaries is given by

F (V ) =
1
d2 min

j
|t j |2. (29)

The optimal unitary V is now obtained by maximizing F (V ). We need
then to consider the decomposition Eq. (13), and then to maximize the
minimum amongthe four eigenvaluesof S(U, V )  S(U, V ). Notice that t j =!

µ H j µ ei ! µ , where H is the Hadamard matrix

H =
1
2

"

#
#
$

1 1 1 1
1 1 " 1 " 1
1 " 1 1 " 1
1 " 1 " 1 1

%

&
&
' , (30)

which is unitary , and consequently
!

j |t j |2 =
!

j |ei ! j |2 = 4. This implies
that minj |t j | $ 1. We now provide a choice of phases! j such that |t j | = 1
for all j , achieving the maximum Þdelity allowed. For instance, we can
take ! 0 = 0, ! 1 = $/ 2, ! 2 = $, ! 3 = $/ 2, corresponding to the eigenvalues
i, 1, " i, 1 for V . Another solution is ! 0 = 0, ! 1 = " $/ 2, ! 2 = $, ! 3 = " $/ 2.
Also one can set ! i % " ! i . The eigenvalues of S(U, V )  S(U, V ) are then
1, 1, 1, 1, while for the Þdelity we have

F .= max
V ! U(H! 2)

F (V ) =
1
d2 =

1
4

, (31)

and the corresponding optimal V has the form

V = exp
(
± i

$
4

(%x & %x ± %z & %z)
)

. (32)
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Notice that the unitary U which is programmed with minimum Þdelity in
generalwill not not be unique, sincethe expressionfor the Þdelity depends
on {n2

j }. Notice alsothat using the decomposition in Eq. (13) the minimum
Þdelity just dependson the phases{! j }, and the local unitaries will appear
only in the deÞnitions of the optimal program state and of the worstly
approximated unitary . It is convenient to write Eq. (26) as follows

||S(U, V )||2 = u · t +
!

u · Tu . (27)

where u = (n2
0, n

2
1, n

2
2, n

2
3), t = (|t0|2, |t1|2, |t2|2, |t3|2), and T ij =

|ti |2|tj |2 sin2(" i " " j ). One has the bounds

u · t +
!

u · Tu # u · t # min
j

|tj |2, (28)

and the bound is achieved on one of the for extremal points ul = #l j of
the domain of u which is the convex set {u , uj # 0,

!
j uj = 1} (the

positive octant of the unit four dimensionalball S4
+ ). Therefore, the Þdelity

minimized over all unitaries is given by

F (V ) =
1
d2 min

j
|tj |2. (29)

The optimal unitary V is now obtained by maximizing F (V ). We need
then to consider the decomposition Eq. (13), and then to maximize the
minimum amongthe four eigenvaluesof S(U, V )  S(U, V ). Notice that tj =!

µ Hj µ ei ! µ , where H is the Hadamard matrix

H =
1
2

"

#
#
$

1 1 1 1
1 1 " 1 " 1
1 " 1 1 " 1
1 " 1 " 1 1

%

&
&
' , (30)

which is unitary , and consequently
!

j |tj |2 =
!

j |ei ! j |2 = 4. This implies
that minj |tj | $ 1. We now provide a choice of phases! j such that |tj | = 1
for all j, achieving the maximum Þdelity allowed. For instance, we can
take ! 0 = 0, ! 1 = $/2, ! 2 = $, ! 3 = $/2, corresponding to the eigenvalues
i, 1, " i, 1 for V . Another solution is ! 0 = 0, ! 1 = " $/2, ! 2 = $, ! 3 = " $/2.
Also one can set ! i % " ! i . The eigenvalues of S(U, V )  S(U, V ) are then
1, 1, 1, 1, while for the Þdelity we have

F
.= max

V ! U(H! 2)
F (V ) =

1
d2 =

1
4
, (31)

and the corresponding optimal V has the form

V = exp
(
±i

$
4

(%x & %x ± %z & %z)
)
. (32)
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A possiblecircuit schemefor the optimal V is given in Fig. 2.

¥ X ± !
4

¥

!"#$%&'(Z! !
4

!"#$%&'(

Figure 2. Quantum circuit scheme for the optimal unitary operator V in Eq. (31). For
the notation seeFig. 1. For the derivation of the circuit seeEqs. (14).

We now show that such Þdelity cannot be achieved by any V of the
controlled-unitary form

V =
2!

k=1

Vk ! |! k "#! k |, #! 1|! 2" = 0, V1, V2 unitary on H $ C2. (33)

For spectral decomposition Vk =
" 2

j =1 ei θ( j )
k |" (k )

j "#" (k )
j | the eigenvectors

of V are |! j k "" = |" (k )
j "|! k ", and the corresponding operators are ! j k =

|" (k )
j "#! "

k |, namely the operator S(U, V ) is

S(U, V ) =
!

j ,k

e# i θ( j )
k |! "

k "#" (k )
j |U|" (k )

j "#! "
k | , (34)

with singular values
" 2

j =1 e# i θ( j )
k #" (k )

j |U|" (k )
j " = Tr[V  

k U]. Then, the op-

timal program state is |! h ", with h = argmaxk | Tr[V  
k U]|, and the corre-

sponding Þdelity is

F (U, V ) =
1
4

| Tr[V  
h U]|2 , (35)

and one has

F (V ) = min
U

F (U, V ) = 0, (36)

sincefor any coupleof unitaries Vk there always existsa unitary U such that
Tr[V  

k U] = 0 for k = 1, 2. Indeed, writing the unitaries in the Bloch form
(20), their Hilb ert-Schmidt scalar is equal to the euclideanscalar product
in R4 of their corresponding vectors, whenceit is always possibleto Þnd a
vector orthogonal to any given couple in R4. The corresponding U is then
orthogonal to both Vk , and the minimum Þdelity for any controlled-unitary
is zero.
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4. Solution for the qubit case

The operator S(U, V ) in Eq. (9) can be written as follows

S(U, V ) = Tr1[(U! ! I )V ! ] . (11)

Changing V by local unitary operators transforms S(U, V ) in the following
fashion

S(U, (W1 ! W2)V (W3 ! W4)) = W !
2 S(W  

1 UW  
3 , V )W !

4 , (12)

namely the local unitaries do not change the minimum Þdelity, since the
unitaries on the ancilla just imply a di! erent program state, whereasthe
unitaries on the system just imply that the minimum Þdelity is achieved
for a di! erent unitaryÑsa y W  

1 UW  
3 instead of U.

For system and ancilla both two-dimensional,one can parameterizeall
possiblejoint unitary operators as follows10

V = (W1! W2) exp[i (! 1" 1! " 1
! + ! 2" 2! " 2

! + ! 3" 3! " 3
! )](W3! W4) . (13)

A possiblequantum circuit to achieve V in Eq. (13) can be designedusing
the identities

[" ! ! " ! , " " ! " " ] = 0,

C(" x ! I )C = " x ! " x ,

C(I ! " z )C = " " z ! " z ,
!

e" i !
4 #z ! e" i !

4 #z

"
C(" x ! I )C

!
e

i !
4 #z !

i !
4 #z

"
= " y ! " y ,

(14)

where C denotesthe controlled-NOT

C = |0#$0| ! I + |1#$1| ! " x . (15)

This gives the quantum circuit in Fig. 1. The problem is now reduced to

W1 ¥ X ! 1 ¥ Z" !
4

¥ X " ! 2 ¥ Z !
4 W3

W2
!"#$%&'(Z! 3

!"#$%&'(Z" !
4

!"#$%&'( !"#$%&'(Z !
4 W4

Figure 1. Quantum circuit scheme for the general join t unitary operator V in Eq. (13).
Here we use the notation G! = exp(i !" G ) with G = X , Y, Z .

study only joint unitary operators of the form

V = exp[(i (! 1" 1 ! " 1
! + ! 2" 2 ! " 2

! + ! 3" 3 ! " 3
! )] . (16)
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Notice that the unitary U which is programmed with minimum Þdelity in
generalwill not not be unique, sincethe expressionfor the Þdelity depends
on { n2

j } . Notice alsothat using the decomposition in Eq. (13) the minimum
Þdelity just dependson the phases{ ! j} , and the local unitaries will appear
only in the deÞnitions of the optimal program state and of the worstly
approximated unitary . It is convenient to write Eq. (26) as follows

||S(U, V )||2 = u át +
!

u áTu . (27)

where u = (n2
0, n2

1, n2
2, n2

3), t = (|t0|2, |t1|2, |t2|2, |t3|2), and T ij =
|ti|2|tj |2 sin2(" i " " j). One has the bounds

u át +
!

u áTu # u át # min
j

|tj |2, (28)

and the bound is achieved on one of the for extremal points ul = #lj of
the domain of u which is the convex set { u, uj # 0,

!
j uj = 1} (the

positive octant of the unit four dimensionalball S4
+ ). Therefore, the Þdelity

minimized over all unitaries is given by

F (V ) =
1
d2 min

j
|tj |2. (29)

The optimal unitary V is now obtained by maximizing F (V ). We need
then to consider the decomposition Eq. (13), and then to maximize the
minimum amongthe four eigenvaluesof S(U, V )  S(U, V ). Notice that tj =!

µ H jµei! µ , where H is the Hadamard matrix

H =
1
2

"

#
#
$

1 1 1 1
1 1 " 1 " 1
1 " 1 1 " 1
1 " 1 " 1 1

%

&
&
' , (30)

which is unitary , and consequently
!

j |tj |2 =
!

j |ei! j |2 = 4. This implies
that minj |tj | $ 1. We now provide a choice of phases! j such that |tj | = 1
for all j , achieving the maximum Þdelity allowed. For instance, we can
take ! 0 = 0, ! 1 = $/ 2, ! 2 = $, ! 3 = $/ 2, corresponding to the eigenvalues
i, 1, " i, 1 for V . Another solution is ! 0 = 0, ! 1 = " $/ 2, ! 2 = $, ! 3 = " $/ 2.
Also one can set ! i % " ! i. The eigenvalues of S(U, V )  S(U, V ) are then
1, 1, 1, 1, while for the Þdelity we have

F .= max
V ! U(H! 2)

F (V ) =
1
d2 =

1
4

, (31)

and the corresponding optimal V has the form

V = exp
(
± i

$
4

(%x & %x ± %z & %z)
)

. (32)
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Notice that the unitary U which is programmed with minimum Þdelity in
generalwill not not be unique, sincethe expressionfor the Þdelity depends
on {n2

j}. Notice alsothat using the decomposition in Eq. (13) the minimum
Þdelity just dependson the phases{θj}, and the local unitaries will appear
only in the deÞnitions of the optimal program state and of the worstly
approximated unitary . It is convenient to write Eq. (26) as follows

||S(U, V )||2 = u · t +
!

u · Tu . (27)

where u = (n2
0, n

2
1, n

2
2, n

2
3), t = (|t0|2, |t1|2, |t2|2, |t3|2), and Tij =

|ti|2|tj |2 sin2(φi " φj). One has the bounds

u · t +
!

u · Tu # u · t # min
j

|tj |2, (28)

and the bound is achieved on one of the for extremal points ul = δlj of
the domain of u which is the convex set {u, uj # 0,

!
j uj = 1} (the

positive octant of the unit four dimensionalball S4
+ ). Therefore, the Þdelity

minimized over all unitaries is given by

F (V ) =
1
d2 min

j
|tj |2. (29)

The optimal unitary V is now obtained by maximizing F (V ). We need
then to consider the decomposition Eq. (13), and then to maximize the
minimum amongthe four eigenvaluesof S(U, V )  S(U, V ). Notice that tj =!

µ Hjµei! µ , where H is the Hadamard matrix

H =
1
2

"

#
#
$

1 1 1 1
1 1 " 1 " 1
1 " 1 1 " 1
1 " 1 " 1 1

%

&
&
' , (30)

which is unitary , and consequently
!

j |tj |2 =
!

j |ei! j |2 = 4. This implies
that minj |tj | $ 1. We now provide a choice of phasesθj such that |tj | = 1
for all j, achieving the maximum Þdelity allowed. For instance, we can
take θ0 = 0, θ1 = π/2, θ2 = π, θ3 = π/2, corresponding to the eigenvalues
i, 1, " i, 1 for V . Another solution is θ0 = 0, θ1 = " π/2, θ2 = π, θ3 = " π/2.
Also one can set θi % " θi. The eigenvalues of S(U, V )  S(U, V ) are then
1, 1, 1, 1, while for the Þdelity we have

F
.= max

V ! U(H! 2)
F (V ) =

1
d2 =

1
4
, (31)

and the corresponding optimal V has the form

V = exp
(
±i

π

4
(σx & σx ± σz & σz)

)
. (32)
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On the most e! cient unitary tr ansformation for programmin g quantum channels 7

A possiblecircuit schemefor the optimal V is given in Fig. 2.

¥ X ± !
4

¥

!"#$%&'(Z! !
4

!"#$%&'(

Figure 2. Quantum circuit scheme for the optimal unitary operator V in Eq. (31). For
the notation seeFig. 1. For the derivation of the circuit seeEqs. (14).

We now show that such Þdelity cannot be achieved by any V of the
controlled-unitary form

V =
2!

k=1

Vk ! |ψk "#ψk |, #ψ1|ψ2" = 0, V1, V2 unitary on H $ C2. (33)

For spectral decomposition Vk =
" 2

j =1 ei ! ( j )
k |φ(k )

j "#φ(k )
j | the eigenvectors

of V are |! j k "" = |φ(k )
j "|ψk ", and the corresponding operators are ! j k =

|φ(k )
j "#ψ"

k |, namely the operator S(U, V ) is

S(U, V ) =
!

j ,k

e# i ! ( j )
k |ψ"

k "#φ(k )
j |U|φ(k )

j "#ψ"
k | , (34)

with singular values
" 2

j =1 e# i ! ( j )
k #φ(k )

j |U|φ(k )
j " = Tr[V  

k U]. Then, the op-

timal program state is |ψh ", with h = argmaxk | Tr[V  
k U]|, and the corre-

sponding Þdelity is

F (U, V ) =
1
4

| Tr[V  
h U]|2 , (35)

and one has

F (V ) = min
U

F (U, V ) = 0, (36)

sincefor any coupleof unitaries Vk there always existsa unitary U such that
Tr[V  

k U] = 0 for k = 1, 2. Indeed, writing the unitaries in the Bloch form
(20), their Hilb ert-Schmidt scalar is equal to the euclideanscalar product
in R4 of their corresponding vectors, whenceit is always possibleto Þnd a
vector orthogonal to any given couple in R4. The corresponding U is then
orthogonal to both Vk , and the minimum Þdelity for any controlled-unitary
is zero.
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On the most e! cient unitary tr ansformation for programmin g quantum channels 7

A possiblecircuit schemefor the optimal V is given in Fig. 2.

¥ X ± !
4

¥

!"#$%&'(Z! !
4

!"#$%&'(

Figure 2. Quantum circuit scheme for the optimal unitary operator V in Eq. (31). For
the notation seeFig. 1. For the derivation of the circuit seeEqs. (14).

We now show that such Þdelity cannot be achieved by any V of the
controlled-unitary form

V =
2!

k=1

Vk ! |ψk "#ψk |, #ψ1|ψ2" = 0, V1, V2 unitary on H $ C2. (33)

For spectral decomposition Vk =
" 2

j =1 ei ! ( j )
k |φ(k )

j "#φ(k )
j | the eigenvectors

of V are |! j k "" = |φ(k )
j "|ψk ", and the corresponding operators are ! j k =

|φ(k )
j "#ψ"

k |, namely the operator S(U, V ) is

S(U, V ) =
!

j ,k

e# i ! ( j )
k |ψ"

k "#φ(k )
j |U|φ(k )

j "#ψ"
k | , (34)

with singular values
" 2

j =1 e# i ! ( j )
k #φ(k )

j |U|φ(k )
j " = Tr[V  

k U]. Then, the op-

timal program state is |ψh ", with h = argmaxk | Tr[V  
k U]|, and the corre-

sponding Þdelity is

F (U, V ) =
1
4

| Tr[V  
h U]|2 , (35)

and one has

F (V ) = min
U

F (U, V ) = 0, (36)

sincefor any coupleof unitaries Vk there always existsa unitary U such that
Tr[V  

k U] = 0 for k = 1, 2. Indeed, writing the unitaries in the Bloch form
(20), their Hilb ert-Schmidt scalar is equal to the euclideanscalar product
in R4 of their corresponding vectors, whenceit is always possibleto Þnd a
vector orthogonal to any given couple in R4. The corresponding U is then
orthogonal to both Vk , and the minimum Þdelity for any controlled-unitary
is zero.
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On the most e! cient unitary transformation for programming quantum channels 7

A possiblecircuit schemefor the optimal V is given in Fig. 2.

¥ X± !
4

¥

!"#$%&'(Z∓ !
4

!"#$%&'(

Figure 2. Quantum circuit scheme for the optimal unitary operator V in Eq. (31). For
the notation seeFig. 1. For the derivation of the circuit seeEqs. (14).

We now show that such Þdelity cannot be achieved by any V of the
controlled-unitary form

V =
2!

k=1

Vk ! |! k "#! k |, #! 1|! 2" = 0, V1, V2 unitary on H $ C2. (33)

For spectral decomposition Vk =
" 2

j =1 ei ! ( j )
k |" (k )

j "#" (k )
j | the eigenvectors

of V are |Ψj k "" = |" (k )
j "|! k ", and the corresponding operators are Ψj k =

|" (k )
j "#! ∗k |, namely the operator S(U, V ) is

S(U, V ) =
!

j ,k

e−i ! ( j )
k |! ∗k "#" (k )

j |U |" (k )
j "#! ∗k | , (34)

with singular values
" 2

j =1 e−i ! ( j )
k #" (k )

j |U |" (k )
j " = Tr[V  

k U ]. Then, the op-

timal program state is |! h ", with h = argmaxk | Tr[V  
k U ]|, and the corre-

sponding Þdelity is

F (U, V ) =
1
4

| Tr[V  
h U ]|2 , (35)

and one has

F (V ) = min
U

F (U, V ) = 0, (36)

sincefor any coupleof unitaries Vk there always existsa unitary U such that
Tr[V  

k U ] = 0 for k = 1, 2. Indeed, writing the unitaries in the Bloch form
(20), their Hilb ert-Schmidt scalar is equal to the euclideanscalar product
in R4 of their corresponding vectors, whenceit is always possibleto Þnd a
vector orthogonal to any given couple in R4. The corresponding U is then
orthogonal to both Vk , and the minimum Þdelity for any controlled-unitary
is zero.

controlled-U

September 25, 2005 1:2 Pro ceedings Trim Size: 9in x 6in unitappro xúQP

On the most e! cient unitary transformation for programming quantum channels 7

A possiblecircuit schemefor the optimal V is given in Fig. 2.

• X± !
4 •
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4
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Figure 2. Quantum circuit scheme for the optimal unitary operator V in Eq. (31). For
the notation seeFig. 1. For the derivation of the circuit seeEqs. (14).

We now show that such Þdelity cannot be achieved by any V of the
controlled-unitary form

V =
2!

k=1

Vk ⊗ |! k 〉〈! k |, 〈! 1|! 2〉 = 0, V1, V2 unitary on H $ C2. (33)

For spectral decomposition Vk =
" 2

j =1 ei ! (j )
k |" (k )

j 〉〈" (k )
j | the eigenvectors

of V are |! j k 〉〉 = |" (k )
j 〉|! k 〉, and the corresponding operators are ! j k =

|" (k )
j 〉〈! "

k |, namely the operator S(U, V ) is

S(U, V ) =
!

j ,k

e# i ! (j )
k |! "

k 〉〈"
(k )
j |U|" (k )

j 〉〈! "
k | , (34)

with singular values
" 2

j =1 e# i ! (j )
k 〈" (k )

j |U|" (k )
j 〉 = Tr[V †

k U]. Then, the op-

timal program state is |! h 〉, with h = argmaxk | Tr[V †
k U]|, and the corre-

sponding Þdelity is

F (U, V ) =
1
4
| Tr[V †

h U]|2 , (35)

and one has

F (V ) = min
U

F (U, V ) = 0, (36)

sincefor any coupleof unitaries Vk there always existsa unitary U such that
Tr[V †

k U] = 0 for k = 1, 2. Indeed, writing the unitaries in the Bloch form
(20), their Hilb ert-Schmidt scalar is equal to the euclideanscalar product
in R4 of their corresponding vectors, whenceit is always possibleto Þnd a
vector orthogonal to any given couple in R4. The corresponding U is then
orthogonal to both Vk , and the minimum Þdelity for any controlled-unitary
is zero.
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Z
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!
Z
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Indirect measurement scheme.

#
U )*

!!!!

" " n

Programmable operation.

!
U
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Programmable detector.

!
Z
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# $"
1
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P Z ,!
.= Tr2[(I ! ! )Z]

P Z
.= P Z ,A

P Z ,á
Z .= { Z1, Z2, . . . , ZN }

P
.= { P1, P2, . . . , PN }
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Deterministic channel 
programmability

Deterministic POVMs 
programmability



A
P Z

No go theor em
It is impossible to program all 
observables with a single joint 

observable Z and a 
Þnite-dimensional ancilla

Programmable detector.

!
Z

! "

# $"

Indirect measurement scheme.

#
U %&

!!!!

" " n

Programmable operation.

!
U

" M (" )

Programmable detector.

!
Z

! "

# $"

Universal detector.

#
Universaldetector

! "

# $" dataprocessing
1

PN
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P Z ,!
.= Tr2[(I ! ! )Z]

P Z
.= P Z ,A

P Z ,á



No go theor em

Suppose M distinct observables                              are implemented 
by some programmable quantum gate array. Then the program 
register is at least M dimensional. Moreover, the corresponding 
programs                          are mutually orthogonal. 

Proof:

�1�S�P�H�S�B�N�N�B�C�J�M�J�U�Z���P�G���P�C�T�F�S�W�B�C�M�F�T

X 1, X 2, . . . , X M

|! 1〉, . . . , |! M 〉

X l = Tr2[(I ! |! l "#! l |)Z ]

|x( j )
l ! "x( j )

l | = Tr2[(I # |! l ! "! l |)Z ( j ) ]

!x(n )
l |! ! l |Z ( j ) |x(m )

l "|! l " = " j n " j m

Z ( j ) |x( j )
l ! |! l ! = |x( j )

l ! |! l !

Z ( j ) |x( i )
l ! |! l ! = " i j |x( i )

l ! |! l !Z (i) Z (j) = ! ijZ (j)

! ! l |! k "!x( j )
l |x( i )

k " = 0, i #= j

X l != X k " #! l|! k$= " lk !



The joint observable that programs perfectly the 
observables                               is the controlled-O 
operator

X 1, X 2, . . . , X M

Z =
!

l

X l ⊗ |! l〉〈! l|

X l = U 
l X Ul

which can be implemented with a Þxed local 
observable and a controlled-U

Z = V   (X ! I )V
V =

!

l

Ul ! |! l"#! l|
Cont rol-o bs.

! ¥

" Uj
!"

!!!!

! !
Z

# $

% &"

Cont rol-U.

¥

Uj

Mo st e! cient V.

¥ X ± #
2 ¥ Y#

2 ¥ X ± #
2 ¥ Y" #

2

'( ) *+, - . '( ) *+, - . '( ) *+, - . '( ) *+, - .

Pr ogrammable channel.

!
V

" PV,! (" )

Pr ogrammable det ector .

!
Z

# $

% &"
1

�1�S�P�H�S�B�N�N�B�C�J�M�J�U�Z���P�G���P�C�T�F�S�W�B�C�M�F�T



A!A
P Z

PN

P Z ,á

Problem: The most e! cient observable

For given d = dim(A ) and N = |Z| =
|P |, Þnd the observables Z that are the
most e! cient in programming POVMÕs,
namely which minimize the largest dis-
tance of each POVM from the pro-
grammable set :

! (Z) .= max
Q ! P N

min
P ! P Z , A

" (P , Q)

.

P Z ,!
.= Tr2[(I ! ! )Z]

P Z
.= P Z ,A

Programmable detector.

!
Z

! "

# $"

Indirect measurement scheme.

#
U %&

!!!!

" " n

Programmable operation.

!
U

" M (" )

Programmable detector.

!
Z

! "

# $"

Universal detector.

#
Universaldetector

! "

# $" dataprocessing
1

! (Z)
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P Z

Cont ro
lled

-U
Using a joint observable Z of the form

Zi = U  (|! i ! "! i | # I A )U, U =
dim( A )!

k= 1

Wk # |" k ! "" k |

wit h { ! i } and { " k } orthonormal sets and Wk unit ary, we can
program observables wit h accuracy #! 1 using an ancilla wit h
polynomial growth

dim(A) ! $(N )
"

1
#

# N (N ! 1)

programmabilit y wit h accuracy ! ! 1:

! (Z) .= max
Q " PN

min
P " PZ

" (P, Q)

" (P, Q) = max
!

!

i

|Tr[#(Pi − Qi )]|
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For qubits: linear growth!
Programmable detector.

!
Z

! "

# $"

Indirect measurement scheme.

#
U %&

!!!!

" " n

Programmable operation.

!
U

" M (" )

Programmable detector.

!
Z

! "

# $"

Universal detector.

#
Universaldetector

! "

# $" dataprocessing
1

Program for the observable P = { U(1/ 2)
g | ± 1

2 ! "± 1
2 |U(1/ 2)

g
  }

! = U(j )
g |j j ! "j j |U( j )

g
 

in dimension dim(A) = 2j + 1, wit h joint observable

Z = { ! ( j ± 1
2 ) }

gives the programmabilit y accuracy
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Covariant measurements 
are exactly programmable

G-covariant POVM densit ies (Holevo theorem)

Pg d g = Ug! U 
g d g, g ! G

programmable as

Pg = Tr2[(I " " )Fg], ! = V " ! V  

wit h covariant Bell POVM densit y

Fg = (Ug " I )|V##$$V |(U 
g " I )
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Unit ary operator U connect ing the Bell
observable wit h local observables

U(|m! " |n! ) =
1

#
d

|Um ,n !!

of the controlled-U form

U =
!

n

|n!$n| " W n

e. g. for project ive d-dimensional UIR of the Abelian group G = Zd ! Zd

Um ,n = Z m W n , Z =
!

j

! j |j "#j |, W =
!

k

|k"#k $ 1|, ! = e
2! i
d .

Cont ro
lled

-U

G. M. DÕAriano and P . Perinotti,  
Phys. Lett A 329  188-192 
(2004)
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Programmable channels:

Nielsen-Chuang theorem revisited

Exact programming for Þnite set of unitaries: controlled-U

Optimal programming in 2x2 dimensions: two controlled-NOT

Programmable POVMs:

No go theorem

Exact programming for Þnite set of observables: controlled-O

controlled-O: polynomial complexity progr amming

for qubits: linear complexity programming
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