Quantum information encodedon
Quantum Operations

Estimation, characterization, engineering of QQO's

Giacomo Mauro D'Ariano

Quantum Optics & Information Group
http://www.qubit.it
Istituto Nazionale di Fisica della Materia, Unita di Pavia

Dipartimento di Fisica “A. Volta”, via Bassi 6, I-27100 Pavia, Italy

Dept. of Electrical and Computer Engineering, Northwestern University, Evanston, IL 60208

|

Quantum information encoded on Quantum Operations — [1/32]



| Reseachgroup/collaborations

G. M D'Ariano,

C. Macchiavello (univ. researcher),
M. G. A. Paris (INFM researcher),
M. Sacchi (INFM postdoc),

O. Rudolph (ATESIT postdoc),

S. Virmani (EQUIP postdoc),

P. Lo Presti (phd student), Founded by ATESIT
R. Mecozzi (graduated), Partly suppor ted by:
F. Buscemi (graduated) EQUIP, MURI (US).

®» COLLABORATIONS

F. De Martini (Roma La Sapienza),

P. Kumar and H. Yuen (Northwestern Univer sity) \

Quantum information encoded on Quantum Operations — [2/32]



| Reseachgroup/collaborations

G. M D'Ariano,

C. Macchiavello (univ. researcher),
M. G. A. Paris (INFM researcher),
M. Sacchi (INFM postdoc),

) O. Rudolph [separability criteria]
S. Virmani (EQUIP postdoc),

P. Lo Presti (phd student), Founded by ATESIT
R. Mecozzi (graduated), Partly suppor ted by:
F. Buscemi (graduated) EQUIP, MURI (US).

®» COLLABORATIONS

F. De Martini (Roma La Sapienza),

P. Kumar and H. Yuen (Northwestern Univer sity) \

Quantum information encoded on Quantum Operations — [2/32]



) G.M D'Ariano ,

C. Macchiavello (univ. researcher),
) M. G. A. Paris (INFM resear cher),

M. Sacchi (INFM postdoc),

O. Rudolph (ATESIT postdoc),

S. Virmani (EQUIP postdoc),

P. Lo Presti (phd student), Founded by ATESIT
R. Mecozzi (graduated), Partly suppor ted by:
F. Buscemi (graduated) EQUIP, MURI (US).

COLLABORATIONS

F. De Martini (Roma La Sapienza),

P. Kumar and H. Yuen (Northwestern Univer sity) \

Quantum information encoded on Quantum Operations — [2/32]

vvbvvv



| _Main problemsand motivations

Main focus on QO's instead of quantum states

» QO are the most general state change in quantum mechanics
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Main focus on QO's instead of quantum states

QO are the most general state change in quantum mechanics
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The QO E is a map on traceclass operators that is
1. linear

2. trace-decreasing

3. completely positive

The normalization Tr[E( )] 1 is the probability that the
transformation occurs.

Encoding on QO's: given a x ed input state , the message m
Isencodedonitvia ! En( ). Anonymous encryption.
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5l

® Depending on the message m that k& wants to send to (&4

modulates |' Ai with a unitary UB and sends UBj' i to (&
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| _Anonymousstateencryption

wants to send to &

® Depending on the message m that !

modulates |' Ai with a unitary UB and sends UBj' i to (&

) Without knowing j' ali, oI
error.

) Thefunctionf :m! U2 can be regarded as a quantum
one-way function with trapdoor information given by the

knowledge of the actual input state j* al.
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| _TheQuantum Bit Commitment

» Anonymous states also used for the QBC.
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Estimation Theory Preparation Theory Optimization Theory
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|
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I
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Which is the optimal QO to achieve a given purpose [in terms of a cost function] \
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| Main.resultson QO theory

1) Optimal discrimination between QQO's (unitary)

2) Tomographic characterization of QO's using entangled input

3) Classification of all unitary extensions of QQO's, extremal QO's and POVM's

4) Classification of all QBC protocols, and bounds for the probabilities of chea
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Result: the entangled con gur ation performs better, in
Increasing the precision of the measurement.

Reasons:

1. the entangled state is equivalent to many input states in
“guantum parallel”;

2. precision increases with the dimension of the input space.
Extreme examples:

Discrimination of I; «; y; z$ Bell measurement;
Estimationof 2 Cof D( ) $ breaching the 3dB noise;
Covariant discrimination: the Holevo bound is increased

exactly by the amount of entanglement of the input state.
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Moreover:

1. An entangled input improves the measurement in the
presence of noise [below a “quantum” threshold]

Example: heterodyne measurementof 2 Cof D( ) inthe
presence of Gaussian noise, forn < 1,

2. An entangled input improves the measurement stability.

Example: measurement of x 2 R of D(xe' ). Squeezed vs
twin beam inputs. Sensitivity:

dramatically decreases for mismatched squeezing;

IS Independent on for twin beams.

3. One has the phenomenon of perfect discrimination between
any two unitaries with a _nite number N of copies of the QO

(compare with state discrimination).
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Optimum input states j i minimize the overlap jh jU3U4j ij.

Minimum overlap: miny =3 jh jU3U4j ij = r(UJUy),
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Perfect discrimination: the poligon encircles the origin. \

G. M. D'Ariano, P. Lo Presti, and M. G. A. Paris, Phys. Rev. Lett. 87 270404 (2001) — [12/32]
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Available N copies of the unitary transformation U = U;.» and a
N -partite entangled state as follows

U

B
o/

Angular spread ( W) of the spectrum of W. One has

(W N)=N(W)mod2 :

Conclusion: the discrimination is always exact for suf ciently

large N! [see also Acin, quant-ph/0102064]. \
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How to achieve a complete characterization of a quantum
device?

Answer (brute force): by scanning a basis of possible inputs,
and measuring the corresponding outputs.

in —— El— out

In quantum mechanics the inputs and outputs are density
operators ) we need to run all the following inputs

jni; n==012::.:;
P5(nd + jnP);

However, the availability of a basis of states in the lab is a very

hard technological problem. \

G. M. D'Ariano and P. Lo Presti, Phys. Rev. Lett. 86 4195 (2001) — [15/32]
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Quantum parallelism of entanglement : a single entangled input state R

IS equiv alent to scanning all states in parallel .

E
R (S Ra

The setup is expressed as the quantum operation

Rout = E  I(R):
For X ed faithful state R the output state Rqy: IS In one-to-one

correspondence with the QO of the device E.

But now entangled states are easily available in the lab via
parametric downconversion of vacuum!

The method is very robust to noise [a state remains faithful
under almost any kind of noise, e. g. depolarizing, etc].

G. M. D'Ariano and P. Lo Presti, unpublished — [16/32]
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used to achieve a given QO?

The most general unitary extensions of a QO is of the form
E()=Tref(lk  RU[ ih ja (n Op)lUg,

where we have all these different Hilbert spaces:

Symbol Hilbert space Symbol | Hilbert space
H D Input system space | D Conservation law constraint
A Preparation ancilla | F Measurement ancilla
Rng( ¢) F | Rangeof ¢ K Output system space
: k(1ly E (I : :
(H D) A' K F rank (E) + K e K)( <) gim(K)  dim (H)
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Therefore, we have a constraint which must be satis ed by the
unitary operator U in order to achieve the QO E

f(lk hijp)U( 1A Ih)g= Ej;
P
where = j iih jjg, and

dimF rank( g) rank(E):
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I
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I
——>| Cryptographic communications e

Which is the optimal QO to achieve a given purpose [in terms of a cost function]
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Useful in optimization problems;

Extremal QO's [classi ed by Choi (1975)] K/K; linearly
Independent.

Physical meaning: they can be achieved with an indirect
measurement scheme with faithful state reduction.

Extremal POVM's: classi cation of quantum and classical

noise.
TheoIrDem: A POVM f P¢gep g With spectral resolution
Pe= .j @ih ¥jis extremal if and only if the operators

i Fin j(e)j; for all events e 2 E; and all i; |

are linearly independent. \
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Commitment: provides  with a piece of evidence that she
has chosen a bit b= 0; 1 which she commits to him.

Opening: Later  will open the commitment, revealing bto ,
and proving that it is indeed the committed bit with the evidence

In Bob's possession, I. e. will check the commited bit.
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Therefore, Alice and Bob should agree on a protocol which
satis es simultaneously the three requirements:

(1) The evidence should be concealing, namely  should not be
able to retrieve b before the opening.

(2) The evidence should be binding, namely  should not be able
to change b after the commitment.

(3) The evidence should be veri ab le, namely must be able to
check b unambiguously against the evidence in his possession.

Both parties are supposed to possess unlimited technology,
and the protocol is said unconditionally secure if neither Alice

nor Bob can cheat with signi cant probability of success as a
consequence of physical laws. \
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j . secret parameter known only to
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| _TheQuantum Bit Commitment

has always the option of choosing | by preparing a
secret-parameter space P in the state jji and performing a QO
on an extended Hilbert space which includes P.

Strictly trace-decreasing maps correspond to aborting

protocols, namely when doesn't succeed in achieving the
QO the protocol is aborted.

Since has unlimited technology, she can always achieve the
map knowingly, I. e. she has the option of achieving each QO

as a perfect pure measurement.
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Therefore  achieves the QO knowingly by:

(1) preparing ancilla and secret parameter space A P,
(2) performing a unitary transformation U on H A,

(3) performing a complete von Neumann measurementon F P,
withK F' H A and outcomeii,
(4) sending K to

For aborting protocols we have an additional orthogonal
projector g, whose rank generally depends onj and b.

) For simplicity, we focus attention on non aborting protocols.
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Opening step: In a perfectly veri ab le protocol tells balong

with the secret parameter j and the secret outcome i to ,
who veri es the pure state E(b)j | E(b)j .
Since the local QO'son Kand F P commute, has the

possibility of: rst sending K to and then performing the
measurement on F P at the very last moment of the opening!

Before launches her EPR cheating attack V on F P!

On the other side, can try to discriminate between the two
mixtures of QO's by launching his own EPR attach at the very

beginning of the commitment, by entangling the anonymous
state with a system in his possession.
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Classi cation of protocols classi cations of QO extensions

Symbol | Hilbert space Symbol | Hilbert space

H Anonymous state K Output

A Preparation ancilla P Secret parameter

F Measurement ancilla R Bob cheating space
Rng( ) | Range of ¢ (abortion)

All alternate Kraus decompositions f Egb)g correspond to
different openings.

Alice EPR-cheating transformation: unitary V on P F:
corresponds to change the Kraus decomposition from

fFEP g1 fEP (V)g \
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| Boundsior cheatingprobabilities

X 2
PA(V:') 1 ES (V) EYY
J
S
X 2
g 1 MO MO EP(v) EY
J

G. M. D'Ariano, QCMC Boston 2002, (preprint available) — [31/32]



| Boundsior cheatingprobabilities

S ¢ >
PA(V:") 1 EQw) EWV
J
S
X 2
2|:)CB 1 VIO VIO, . ESO) (V) Egl) .
J

However, it has not been proved that there is a V such that

X 2
EPwv) EP T MO MO

ch
J

with ! (") vanishing with ".

|

G. M. D'Ariano, QCMC Boston 2002, (preprint available) — [31/32]



| Summary

Encoding information on QO's more general than on states:

|

Quantum information encoded on Quantum Operations — [32/32]



| Summary

Encoding information on QO's more general than on states:

) itincludes anonymous input states.

|

Quantum information encoded on Quantum Operations — [32/32]



| Summary

Encoding information on QO's more general than on states:
) itincludes anonymous input states.

Better distinguishability for QQO's than for states.

|

Quantum information encoded on Quantum Operations — [32/32]



| Summary

Encoding information on QO's more general than on states:
) itincludes anonymous input states.

Better distinguishability for QQO's than for states.

Tomography of QQO's using entangled/faithful states:

|

Quantum information encoded on Quantum Operations — [32/32]



| Summary

Encoding information on QO's more general than on states:
) itincludes anonymous input states.

Better distinguishability for QQO's than for states.

Tomography of QQO's using entangled/faithful states:

) experiments.

|

Quantum information encoded on Quantum Operations — [32/32]



| Summary

Encoding information on QO's more general than on states:
) itincludes anonymous input states.
Better distinguishability for QQO's than for states.
Tomography of QQO's using entangled/faithful states:
) experiments.
Classi cation of QO's unitary extensions:

|

Quantum information encoded on Quantum Operations — [32/32]



| Summary

Encoding information on QO's more general than on states:
) itincludes anonymous input states.
Better distinguishability for QQO's than for states.
Tomography of QQO's using entangled/faithful states:
) experiments.
Classi cation of QO's unitary extensions:

) constraints for U corresponding to a QO;

|

Quantum information encoded on Quantum Operations — [32/32]



| Summary

Encoding information on QO's more general than on states:
) itincludes anonymous input states.
Better distinguishability for QO's than for states.
Tomography of QQO's using entangled/faithful states:
) experiments.
Classi cation of QO's unitary extensions:
) constraints for U corresponding to a QO;
) extremal QQO's and POVM's;

|

Quantum information encoded on Quantum Operations — [32/32]



| Summary

Encoding information on QO's more general than on states:
) itincludes anonymous input states.
Better distinguishability for QQO's than for states.
Tomography of QQO's using entangled/faithful states:
) experiments.
Classi cation of QQO's unitary extensions:
) constraints for U corresponding to a QO;
) extremal QQO's and POVM's;
Classi cation of QBC protocols:

|

Quantum information encoded on Quantum Operations — [32/32]



| Summary

Encoding information on QO's more general than on states:
) itincludes anonymous input states.
Better distinguishability for QQO's than for states.
Tomography of QQO's using entangled/faithful states:
) experiments.
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