ON THE MOST EFFICIENT UNITARY TRANSFORMATION
FOR PROGRAMMING QUANTUM CHANNELS*

GIACOMO MAURO D’ARIANOf

QUIT group, INFM-CNR, Dipartimento di Fisica “A. Volta”, via Bassi 6,
27100 Pawvia, Italy

PAOLO PERINOTTIH

QUIT group, INFM-CNR, Dipartimento di Fisica “A. Volta”, via Bassi 6,
27100 Pavia, ITtaly’

We address the problem of finding the optimal joint unitary transformation on
system + ancilla which is the most efficient in programming any desired channel
on the system by changing the state of the ancilla. We present a solution to the
problem for dim(H) = 2 for both system and ancilla.
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1. Introduction

A fundamental problem in quantum computing and, more generally, in
quantum information processing [1] is to experimentally achieve any theo-
retically designed quantum channel with a fixed device, being able to pro-
gram the channel on the state of an ancilla. This problem is of relevance for
example in proving the equivalence of cryptographic protocols, e. g. prov-
ing the equivalence between a multi-round and a single-round quantum
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bit commitment [2]. What makes the problem of channel programmability
non trivial is that exact universal programmability of channels is impossi-
ble, as a consequence of a no-go theorem for programmability of unitary
transformations by Nielsen and Chuang [3]. A similar situation occurs for
universal programmability of POVM’s [4, 5]. It is still possible to achieve
programmability probabilistically [6], or even deterministically (7], though
within some accuracy. Then, for the deterministic case, the problem is
to determine the most efficient programmability, namely the optimal di-
mension of the program-ancilla for given accuracy. Recently, it has been
shown [5] that a dimension increasing polynomially with precision is pos-
sible: however, even though this is a dramatical improvement compared to
preliminary indications of an exponential grow (8], still it is not optimal.

In establishing the theoretical limits to state-programmability of chan-
nels and POVM’s the starting problem is to find the joint system-ancilla
unitary which achieves the best accuracy for fixed dimension of the ancilla:
this is exactly the problem that is addressed in the present paper. The
problem turned out to be hard, even for low dimension, and here we will
give a solution for the qubit case, for both system and ancilla.

2. Statement of the problem

We want to program the channel by a fixed device as follows
Pv.o(p) = Tra[V(p ® o)V, (1)

with the system in the state p interacting with an ancilla in the state o via
the unitary operator V of the programmable device (the state of the ancilla
is the program). For fixed V the above map can be regarded as a linear map
from the convex set of the ancilla states &/ to the convex set of channels for
the system €. We will denote by Py, the image of the ancilla states &/
under such linear map: these are the programmable channels. According
to the well known no-go theorem by Nielsen and Chuang it is impossible
to program all unitary channels on the system with a single V' and a finite-
dimensional ancilla, namely the image convex Py, C ¥ is a proper subset
of the whole convex ¥ of channels. This opens the following problem:

Problem: For given dimension of the ancilla, find the unitary
operators V that are the most efficient in programming channels,
namely which minimize the largest distance (V') of each channel
C € € from the programmable set Py o :

e(V) = max _ min §(C,P) = max min 6(C,Pv,s)- (2)

PEPv, o





















