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We prove that the optimal strategy to store an unknown group transformation into a quantum
memory is to apply the available uses in parallel on a suitable entangled state. The optimal re-
trieving strategy is the incoherent, “measure-and-rotate” strategy, in which the quantum memory
is measured and a unitary depending on the outcome is performed. The same result holds for
approximate re-alignment of reference frames for quantum communication.

PACS numbers:

A quantum memory would be an invaluable resource
for Quantum Technology, and extensive experimental ef-
fort is in progress for its realization [1,2,13]. On a quan-
tum memory one can store any unknown quantum state.
Can we exploit a quantum memory to store an unknown
quantum transformation, without keeping the device?

Consider the scenario in which a user can dispose of
N uses of a black box implementing an unknown uni-
tary transformation U. The user is allowed to exploit
such uses today at his convenience, runnning an arbi-
trary quantum circuit that makes N calls to the black
box. Tomorrow, however, the black box will not be avail-
able, and the user will be asked to reproduce U on a new
input state |¢) unknown to him. We refer to this scenario
as to an instance of quantum learning of the unitary U
from a finite set of examples. More generally, the user
may be requied to reproduce U more than once, i. e. to
produce M > 1 copies of U. In this case it is important
to assess how the performance decays with the number
of copies required, as in the case of quantum cloning [4].

Let us consider first the case of single input and output
copies. Clearly, the only thing that the user can do today
is to use the black box on a known (generally entangled)
input state |p). After that, what remains available is the
output state |py) = (U ® I)|p), which the user can store
in a quantum memory. When the input state |¢) will
be available, the user will send |¢)) and |oy) to an op-
timal retrieving machine, which extracts U and applies
it to |[¢)). When N > 1 input copies are available, the
user must also find the best storing strategy: he can e. g.
opt for a parallel strategy where U is applied on N dif-
ferent systems, yielding (U®N @ I)|¢), or for a sequential
strategy where U is applied NV times on the same system,
generally alternated with other known unitaries, yielding
(UVN_1...VoUVIU ® I)|p). The most general storing
strategy is described by a quantum circuit board, i. e.
a quantum network with open slots in which the input
copies can be inserted [5]. In summary, finding the opti-
mal quantum learning means finding the optimal storing
board and the optimal retrieving machine.

An alternative to coherent retrieval is to estimate U, to
store the outcome in a classical memory, and to perform

the estimated unitary on the new input state. This inco-
herent strategy has the double advantage of avoiding the
expensive use of a quantum memory, and of allowing one
to reproduce U an unlimited number of times with con-
stant quality. Incoherent strategies are suboptimal for
the similar task of quantum cloning [4], and this would
suggest that a coherent retrival achieves better perfor-
mances. Surprisingly enough, we find that the incoher-
ent strategies already achieve to ultimate performance
of quantum learning. We analyze the case in which U
is a completely unknown unitary in a group G, and we
find that the performances of the optimal retrieving ma-
chine are equal to those of optimal estimation. For an
unknown qubit unitary with N input copies the maxi-
mum fidelity approches unit asymptotically as 1/N? and
is achieved using N memory qubits. Our result can be
also extended to solve the problem of optimal inversion of
the unknown U, in which the user is asked to perform the
inverse UT. In this case, we provide the optimal approx-
imate re-alignment of reference frames for the quantum
communication scenario considered in Ref. [6].

To derive the optimal learning we use the method of
quantum combs [3], briefly summarized here. A quantum
channel C from H; to H; is described by its Choi oper-
ator C = (C @ Z)(II){I]|) on H; ® H;, where |I)) is the
maximally entangled vector |I)) = >, |n)|n) € HF?. We
will use the one-to-one correspondence between bipartite
vectors in |A) € H®? and operators A on ‘H given by
|A) = >, n(m|A[n) |m)|n), along with the property

(A D)|B) = I ®A")B) , (1)

holding when [A, B] = 0, AT denoting the transpose of
A in the basis {|n)}. If D is a channel from H,; to Hy,
the Choi operator of the channel DoC resulting from the
connection C and D is given by the link product

DxC=Tr[(DeL)(I,®CT), (2)

T} denoting partial transpose on H;. A quantum comb is
the Choi operator associated to a quantum circuit board,
and is obtained as the link product of all component cir-
cuits. Moreover, viewing states as a special kind of chan-
nels with one-dimensional input space, Eq. (@) yields
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FIG. 1: The learning process is described by a quantum comb
R (in white) representing the quantum circuit board, in which
the N uses of an oracle U are plugged, along with the state
[) (in grey). The wires represent the input-output Hilbert
spaces. The output of the first comb is stored in a quantum
memory, later used in the retrieval stage when it interacts
with the input of the second comb.

C(p) = C*p = Tr[C(Iy ® pT)]. A channel C from H;
to H; is trace-preserving if and only if it satisfies the
normalization condition I; * C' = Tr,;[C] = L.

We tackle the optimization of learning starting from
the case M = 1. Referring to Fig. [, we label the Hilbert
spaces of quantum systems according to the following se-
quence: (H2n+1)2’;1 are the inputs for the N examples
of U, and (Hani2)1—, are the corresponding outputs.

We denote by H; = @ Hons1 ( Ho = @y Hont)
the Hilbert spaces of all inputs (outputs) of the N exam-
ples. The input state |1)) belongs to Han 2, and the out-
put state finally produced belongs to Han 3. All spaces
‘H,, considered here are d—dimensional, except the spaces
‘Ho and Han41 which are one-dimensional, and are intro-
duced just for notational convenience. The comb of the
whole learning process is a positive operator L on the ten-
sor of all Hilbert spaces, and satisfies the normalization

condition [5]:
Trop 1 [L¥] = Lro L*Y  k=0,1,...,N+1 (3)

where LWVHD = [ LD = 1 and L™ is a
positive operator on the spaces (Hn)ik:%l. When
the N examples are connected with the learn-
ing board, the user obtains a channel Cy with
Choi operator given by Cy = L = [UN(U®YN =
Trio [L (Ian4s ® Iont2 @ (|UN(U[®N)T)], according to
the definition of link product in Eq. ().

As the figure of merit we maximize the fidelity of the
output state Cy(|1)(¥|) with the target state U |¢) (1 |UT,
uniformly averaged over all pure states |¢) and all un-
known unitaries U in the group G. Apart from irrelevant
constants, such optimization coincides with the maxi-
mization of the average channel fidelity between Cy and
the target unitary, which is nothing but the fidelity be-
tween the Choi states Cy/d and |U){(U]/d:

1
F=- /G<<U|<<U*|®NL|U*>>®N|U>> v, (4
U* being the complex conjugate of U in the computa-
tional basis, and d U denoting the normalized Haar mea-
sure. From the expression of F' it is easy to prove that
there is no loss of generality in requiring the commutation

[L,Usni3 @ Vonso @UN @VEN =0,  (5)

where U and V are arbitrary elements of G. Combining
Egs. @) and (&) we then obtain

L, Uz2N @ VEN = 0. (6)

Lemma 1 (Optimality of parallel storage) The op-
timal storage of U can be achieved by applying USN @ [®N
on a suitable input state |p) € Ho @ Hyr.

Proof. The learning board L is obtained by connec-
tion of the storing board S with the retrieving channel
R, whence L = R % S. Denoting by Hjys the Hilbert
space of the quantum memory, R is a channel from
(Hon+2 @ Har) to Hanos, and satisfies the normaliza-
tion condition Irn 43 * R = Iany2 ® Ipy. Using this fact,
one gets Tron43[L] = lonig * L = (Iayyg * R) xS =
(Iong2 ® Ing) % S = Ionyta ® Trp[S], which compared
with Eq. @) for K = N +1 implies Trps[S] = L), Now,
without loss of generality we take the storing board &
to be a sequence of isometries [3], which implies that
S is rank-one: S = |®)(®|. With this choice, the state
S/dN is a purification of L(N) /dN. Again, one can choose
w.lo.g. S/dN to be a state on (H, ® H;) ®@ (H, @ H.),
with H! ~ H, and H, = H,, and assume |®) = [L(N)2)),
Taking V = I in Eq. (@) and using Eq. () we get
(USN @ I, 10 |B)) = (IO,Z- QUI®N I) |8)). When
the examples of U are connected to the storing board,
the output is the state py = S * [U)(U|®N. Using the
above relation we find that py is the projector on the
state [¢u) = (US™ @ L)), where |p) = (T9V],|®) €
Ho @ Hir. This proves that every storing board gives the
same output as a parallel scheme. Wl

Optimizing learning is then reduced to finding the
optimal input state |¢) and the optimal retrieving
channel R. The fidelity can be computed substi-
tuting L = R+ S in Eq. (@), and using the re-
lation (U[(U*|*N(R * S)|UNU)®N = (UIR|U) *
(U*|eNS|U*)®N = (U|R|U)) * pr, which gives

Pz [WliirOle) av. @)

Lemma 2 (Optimal states for storage) The
mal input state for storage can be taken of the form

opti-

o) =D/ e A ®)

where p; are probabilities, H = @j(Hj ® H;) is a
subspace of H, ® H; carrying the representation U =
®D,;(U; ® 1;), I; being the identity in H;, and the index
7 labelling the irreducible representations U; contained in
the decomposition of U®N.

Proof. Using Egs. (@) and (@) it is possible to
show that the local state p = Tr;[|¢){¢|] is invariant



under U®N. Decomposing U®Y into irreducible rep-
resentations (irreps) we have U®Y = D,;U; ® In,),
where Ip,; is the identity on an mj;-dimensional mul-
tiplicity space C™i. Therefore, p must have the form
p = @;p;j(lj/d;j ® pj), where p; is an arbitary state
on the multiplicity space C™i. Since |p) is a purifi-
cation of p, with a suitable choice of basis we have
1 1
o) = lp2)) = @; v/pi/d; |;)|p; ), which after stor-
1
age becomes [py) = ©; \/pi/d;|U;)p; )
every U the state |op) belongs to the subspace H =
1

QM@ o) ~D,;H;>. W

We can then restrict our attention to the subspace ﬁ,

and consider retrieving channels R from (Hany 12 ® H) to
Hon+3. The normalization of the Choi operator is then

Tr2N+3[R] =IbN42 ® Iﬁ . (9)

Combining the expression of the fidelity {) with that of
the input state (), it is easy to see that one can always
use a covariant retrieving channel, satisfying

Hence, for

{R, Usn+3 @ Vonyo ® [7*‘7/} =0, (10)

where V/ = ®,(; ®V;) acts on H. We now exploit the
decompositions U ®@ Uy = D (UK ® Im@-)) and V* ®
K
V; =@, (Vi @1, ), which yield
L
Uan13@ Vin 120UV = P Uk @V} @ Imy,) - (11)
K,L

= ®j€PKL (Img) ® Im(Lj))’
where Py is the set of values of j such that the irrep

Uk ® V' is contained in the decomposition of U ® V* ®
U; @ Vj. Relations (I0) and (IIJ) then imply

Here I, is given by I, .

R=@Ux ® I @ Rxr) , (12)
K,L

where Rk is a positive operator on the multiplicity

%) %)
space C"/% =P, p | ((CmK ® CmL ) Moreover, us-

ing the equality I ® I; = @ (Ix ® Im@-)) we obtain
K
N/2 —
Sy WIS
— J
7=0

where |Ix)) € H5? and |ay) € CEX is given by

lox) = €D

JEPK K

([@2) and (@3), the fidelity (@) can be

= @ Ux)lar) ,  (13)
Pj
B ) (14)

Exploiting Eqgs.
rewritten as

dx
F=Y" — {ax|Rcxclo) - (15)
K

Theorem 1 (Optimal retrieving strategy) The op-
timal retrieving of U from the memory state |oy) is
achieved by measuring the ancille with the optimal

POVM Py = |ng)(ng| given by |ng) = B, /d;|U;),

and, conditionally on outcome U, by performing the uni-
tary U on the input sytem.

Proof. Let us denote by Pl(gz the projector on the ten-

sor product (CmK ® (Cm(]) and by R%)L = Pl(g%RKLPI((j%
the corresponding dlagonal block of Rgy. Using
Schur’s lemmas and Eq. ([I2)) we obtain Trayy3[R] =

DKL D jePrr (d_KI’ @I, ®Tr (j)[Rg)L]) Eq. @) be-

ZKIPKLBJ (fiK Tr (J)[R%)L] for all L, 7,
which for K L implies the bound

comes [ m

i d;m
Te[RY] < <K

(16)

For the fidelity (IE) we then have the bound

d p;iDj’
7,3 €EPK K 7

2

@)
di pj<<Im(j)|RKK|Im(j)>>

SE Z g K a LS (18)

K

JEPK K

(EjePKK m(Ig)\/p—j)Q
2

= Fest 5 (19)

=)

having used the positivity of Rxx for the first bound
and Eq. (I6]) for the second. Regarding the last equal-
ity, it can be proved as follows. First, the Choi op-
erator ofA the measure—apd—prepare strategy is Rest =
S\ TY(O1 ® Inz)ns | AU, Using Ba. (3 with |¢7)
replaced by |n7) and performing the integral we obtain

Rest = @K(I® ® RKK)/dK, where R = |Bk) (O],
|1Bk) = ]EPKK \/d |I (J) . Eq. (I3 then gives Fus =

Yk Nox|Br)?/d?. ®

Using the above result it becomes easy to optimize the
input state for storing. In fact, such a state is just the op-
timal state for the estimation of the unknown unitary U
[7], whose expression is known in most relevant cases. For
example, when U is an unknown qubit unitary in SU(2),
learning becomes equivalent to optimal estimation of an
unknown rotation in the Bloch sphere [§]. For large num-
ber of copies, the optimal input state is given by |¢) =~
VAN SN2 S 1), with jie = 0(1/2) for N
even (odd), and the fidelity is F' ~ 1 —7%/4N?. Remark-
ably, this asymptotic scaling can be achieved without us-
ing entanglement between the set of N qubits that are
rotated and an auxiliary set of N rotationally invariant
qubits: the optimal storing is achieved just by applying



U®¥N on the optimal N-qubit state |§]. Another example
is that of an unknown phase-shift U = exp[ifo.]. In this
case, for large number of copies the optimal input state is
o) = V2IIN + 1) 202 sinfr(m+1/2)/(N +1)]im)
and the fidelity is F ~ 1 — 272/(N +1)2 [9]. Again, the
optimal state can be prepared using only N qubits.

Our result can be extended to the case where the user
must reproduce M > 1 copies of the unknown unitary U.
Indeed, let Cy be the M-partite channel obtained by the
user, and C,(Jl) be the local channel Cé,l)(p) =Tri[Cu(p ®
%)], where Tr1 denotes the trace over all spaces except the
first. The local channel Cé,l ) describes the evolution of the
first input of Cy when the remaining (M — 1) inputs are
prepared in the state . Of course, the fidelity between
Cé,l ) and the unitary U cannot be larger than the optimal
fidelity Fest of Eq. ([[3)), and the same holds for any local

channel C[(]l), in which all but the i-th input system are
discarded. Therefore, the measure-and-prepare strategy
is optimal also for the maximization of the single-copy
fidelity of all local channels, and such fidelity does not
decrease with increasing M. Moreover, our result can
be extended to the maximization of the global fidelity
between Cyy and U®M | just by replacing U with U®M in
all derivations. Again, the optimal retrieving is obtained
by measuring the optimal POVM P and by performing
ueM conditionally on outcome U. Finally, we note that
the same result holds when the input (output) uses are
not identical copies U®N (U®M), but generally N (M)
different unitaries, each of them belonging to a different
representation of the group G.

We conclude by extending our result to the opti-
mal inversion of an unknown unitary U. For this
task the fidelity of the learning board is F/ =
1/d® [o(UTPM U@ L UM [T )N dU, as ob-
tained by substituting U with UT®M in the target of Eq.
). From this expression it is easy to see that one can
always assume [L', Viarls ® Uswly @ U @ VEN] = 0.
Therefore, the optimal inversion is obtained from our
derivations by simply substituting Usy 3 — V*®M and
Vinge — U®M. Accordingly, the optimal inversion is
achieved by measuring the optimal POVM Py on the
optimal state |¢p) and by performing UT®M condition-

ally on outcome U. This provides the optimal approx-
imate re-alignment of reference frames in the quantum
communication scenario recently considered in Ref. [G].
In this scenario, the state |@) € H serves as a token
of Alice’s reference frame, and is sent to the Bob along
with a quantum message [¢)) € H®M. Due to the mis-
match of reference frames, Bob receives the decohered
state oy = [ |ov)(eu| ® Uly)(|UTdU, from which
he tries to retrieve the message |¢) with maximum fi-
delity f = [dv¢ (Y|R'(oy)|¥) d9, where R is the re-

trieving channel and d denotes the uniform probabil-
ity measure over pure states. The maximization of f
is equivalent to the maximization of the channel fidelity
F' = [(UT (e |R' U |@}) dU, which is the figure of
merit for optimal inversion. It is worth stressing that the
state |pgq) that maximizes the fidelity is not the state
lor) = D, \/dj/LIL;), L =73, d? that maximizes the
likelihood [10]. For M = 1 and G = SU(2),U(1) the
state |¢fq) gives an average fidelity that approaches 1 as
1/N?, while for |¢y) the scaling is 1/N. On the other
hand, Ref. 6] shows that for M = 1 |¢y) allows a prefect
correction of the misalignment errors with probability of
success p = 1—3/(N+1), which is not possible for |¢aq).
The determination of the best input state to maximize
the probability of success, and the study of the proba-
bility /fidelity trade-off remain open interesting problems
for future research.

In conclusion, in this paper we found the optimal stor-
ing and retrieving of an unknown unitary transformation
with N input and M output copies, proving the optimal-
ity of incoherent ”measure-and-rotate” strategies under
general hypotheses. The result has been extended to the
optimal inversion of U, with application to the optimal
approximate re-alignment of reference frames for quan-
tum communication.
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