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Abstract. In Ref. ﬂ] one of the authors proposed postulates for axiom
atizing Quantum Mechanics adair operational frameworknamely re-
garding the theory as a set of rules that allow the experier¢atpredict
future events on the basis of suitable tests, having loaatfaband low
experimental complexity. In addition to causality, theldaling postu-
lates have been considered: PFAITH (existence of a purapatpnally
faithful state), and FAITHE (existence of a faithful &ct). These pos-
tulates have exhibited an unexpected theoretical powetudxg all
known nongquantum probabilistic theories. Later in Rﬂf. ifPdddition

to causality and PFAITH, local discriminability and PURIFpUri abil-

ity of all states) have been postulated, narrowing the priisic theory

to something very close to Quantum Mechanics. In the presgdr we
test the above postulates on some nonquantum probahifietiels. The
rst model, the two-box worlds an extension of the Popescu-Rohrlich
model[}], which achieves the greatest violation of the CHBéfual-
ity compatible with the no-signaling principle. The secanddelthe
two-clock worldis actually a full class of models, all having a disk as
convex set of states for the local system. One of them caoregpto
thethe two-rebit world namely qubits with real Hilbert space. The third
model—the spin-factoris a sort ofn-dimensional generalization of the
clock. Finally the last model ithe classical probabilistic theoryWe
see how each model violates some of the proposed postulten,and
how teleportation can be achieved, and we analyze otheestteg con-
nections between these postulate violations, along witpdelations
between the local and the non-local structures of the pribbiabthe-
ory.

1. Introduction

Quantum Mechanics is still laking a foundation. The Lorérdnsforma-
tions su ered the same problem before the discovery of special vigyati
and an analogous principle of “guantumness” has not beerdfget. If one
considers the theoretical power of special relativity ia #msuing research,
one de nitely ought to put the principle of quantumness & liighest re-
search priority.
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In the recent articld]1] one of the authors proposed to aatima Quan-
tum Mechanics as fir operational frameworknamely regarding the the-
ory as of rules that allow the experimenter to predict futewents on the
basis of suitable tests, having local control and low experital complex-
ity. In addition to causality, the following postulates kaween considered:
PFAITH (existence of a pure preparationally faithful sjand FAITHE
(existence of a faithful eect). These postulates have exhibited an unex-
pected theoretical power, excluding all known nonquantuobabilistic
theories, such as PR-boxd$ [8gbits [A], etc. The two postulate alone
are however not sucient to derive Quantum Mechanics, and other poten-
tial postulates of the same nature have been considere asueAlITHE:
(existence of a faithful eect), and SUPERFAITH (existence of a pure
preparationally state which used in many copies also pesval2-partite
preparationally faithful states). More recently in R¢f] §2more extensive
axiomatic approach has been used, and in addition to NSF BAtIA,
postulate LDISCR (local discriminability) and PURIFY (pability of all
states, uniquely up to reversible channes on the purifyystesn) have been
considered. These postulates make the probabilistic fremkamuch closer
to Quantum Mechanics, with teleportation, error correttidilation theo-
rems, no cloning, and no bit commitment among its coroltarie

In the present paper we test the above postulates on thalaleagrob-
abilistic models dierent from Quantum Mechanics. The rst mod#ie
two-box world is an extension of the Popescu-Rohrlich mogl [3], which
achieves the greatest violation of the CHSH inequality catibyfe with the
no-signaling principle. The second modikle two-clock worldis actually
a full class of models, all having a disk as convex set of stidethe lo-
cal system. These models allow puri cation of all its mixedtses, but the
puri cation is not unique up to reversible channels on thafging system,
as PURIFY requires. One of the models of this class is indeethe two-
rebit world, namely gbits with real Hilbert space. This model violates t
local observability principle, namely the possibility aédriminating joint
states by local measurements. The third modéle-spin-factoris a sort
of n-dimensional generalization of the clock. Here we show thatonly
dimensionn = 3 allows teleportation, and, indeed, in such case the theory
is thequbit Finally the last model ithe classical probabilistic theorywWe
see how each model violates some of the proposed postuetes, and
how teleportation can be achieved, along with interestomnections with
the violations of postulates and deep relations betweenota and the
non-local structures of the probabilistic theory.

The world of probabilistic theories is still largely unerptd, and we still
have poor intuition. Mostly our intuition is biased by ounfaiarity with
Quantum Mechanics, and it is easy to mistakenly assume gudieatures
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as general properties of probabilistic theories. This$® @ consequence
of the absence of available alternative probabilistic netietest the new

postulates. This is the main motivation for the present papleere some

concrete probabilistic models alternative to Quantum Meats are con-

structed and analyzed.

2. Short review on probabilistic operational theories

2.1. The operational framework. The primitive notion of our framework
is the notiontest A test is made of the following ingredients: a) a com-
plete collection ofoutcomes b) inputsystems c) output systems. It is
represented in form of a box, as follows

Al Bl Al Bl
Az fA; g B> A; A B>

The left wires represent the input systems, the right wiiesoutput sys-
tems, andA;gthe collection of outcomes. Very often it is convenient to
represent not the complete test, but just a single outedmer, more gen-
erally a subseA f Ajgof the collection of possible outcomes. what
is calledevent The number of wires at the input and at the output can vary,
and one can also have no wire at the input/andt the input. We can regard
the test in many dierent ways, depending on our needs and context. A test
can be a man-made apparatus—such as a Stern-Gerlach setupeam
splitter—or a nature-made “phenomenon”—such as a physitaiaction
between di erent particles in some space-time region. The set of evéats
test is closed under union, intersection, and complementahus making
a Boolean algebra. Thenion A [ B of two eventsA orB is the eventin
which eitherA orB occurred, but it is unknown which one. This operation
is also calleccoarse-graining Reversely, ae nement of an evenfA is a
set of event$A jgoccurring in some test such that = [ ;A;. Generally an
event has dierent re nements, depending on the test, and is not re nable
within some test. We will call an event that is unre nable kit any test
atomic event

Connecting the test in a network. The natural place for a téstent will
be inside a network of other testgents, and to understand the origin of the
box representation and the intimate meaning of théeesint you should



TESTING AXIOMS FOR QUANTUM MECHANICS ON TOY-THEORIES 4

imagine it actually connected to other tést&nts in a circuite.g. as fol-
lows

—1_A B [~]_C D 17—,
GF 1C ] E
A E

E F G G
H L D M N B
@Al o |B |, F

The di erent letters AB; C; :: ‘labeling the wires precisely denote érent
“types of system”, whose meaning comes from the followingsu

Connectivity rules: (1) we can connect only an input wire of a box with
an output wire of another box, (2) we can connect only wirdh tie same
label, (3) loops are forbidden.

The fact that there are no closed loops gives to the circaigtiucture of a
directed acyclic graph(DAG). In the typical graph representativeartices
correspond to operations, aedgesto wires. The circuit and the graph
representations are exactly equivalent, once one lookgeatex as a “box”
with inputs and outputs, as follows

e

Ultimately the wires have only the function of ruling the wiaywhich a
box can be connected to other boxes. Téystems are just a representation
of the causal connections betweenetent events The fact that there are
no closed loops corresponds to the requirement that thievest is one-
use only, whence each box in the circuit represents eveath@dppen only
once. Moreover, we must keep in mind that the probabilityhef €vent
is independent on the test which it belongs, in the senseifta have
another test that contains the same event, this will haveahe probability
(keeping the rest of the network xed). The fact that the @ioitity depends
only on the event and not on the test legitimates our use ofarks made
of single-event boxes, where on each box we don't need tdfgphbe test.
In the following, we will denote the set of events from systarto system
B asT(A;B), and use the abbreviatidi(A) := T(A; B).

The trivial system. Among the di erent kinds of systems, we consider
a special one callettivial system, denoted by I. In the circuit it will be
represented by no wire, but instead we will draw the corredpw side of
the operation box convexly rounded, namely as follows

A0 AfanP  A{al—:
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Building up the network formally. One can build up the network using
formal rules as in Ref. [[2], making connection in parallel,sequence,
declaring commutativity of parallel composition, etc. Flaonstruction is
mathematically equivalent to the construction sffanmetric strict monoidal
category and poses a strong bridge with the research line of Coeadtte an
Abramsky [B]. We also must keep in mind that there are no caimds
for disconnected parts of the network, namely they can tmnged freely
as long as they are disconnected (this for example would edtue for a
guaternionic quantum network). Finally, we will also cateirandomized
tests where one can choose a édrent test depending on the outcome of a
previous one. Such tests are provably feasible in causatidse

2.2. The operational probabilistic theory. If you now want to make pre-
dictions about the occurrence probability of events baseglaur current
knowledge, then you need a “theory” that assign probabdito di er-
ent events: An operational theory is speci ed by a collection of systems,
closed under parallel composition, and by a collection efd¢gclosed under
parallellsequential composition and under randomization. The dpmaral
theory isprobabilisticif every test from the trivial system to the trivial sys-
tem is associated to a probability distribution of outcomes

Therefore a probabilistic theory provides us with the jgnbbabilities
for all possible events in each box for any closed networkpelg which
has no input and no output system. The probability itself gl conve-
niently represented by the corresponding network of evédne is seldom
interested in full joint probabilities, but, more often,thre joint probability
of events in some given tests in the network, irrespectivevents in all
other tests. This will correspond to marginalize over theeottests. We
will see how the evaluation of probabilities will be greasiynpli ed by the
causality assumption and by the use of conditional states.

Slices, preparation and observations. Two wires in a circuit are input-
outputcontiguousif they are the input and the output of the same box. By
following input-output contiguous wires in a circuit whiggossing boxes
only in an input-output direction we draw amput-output chain. Two sys-
tems (wires) that are not in the same input-output path dleddadepen-
dent. A set of pairwise independent systémises is aslice, and the slice

is called global if it partitions a closed bounded circutiitwo parts as in
Fig.[d which, using our composition rules, is equivalentte following

(1) & ;;A;;B ;D F p) BN (C;; Ey; GgF*

Probabilities in the network can be introduced in a easyitimeuway, or in a more
axiomatic way as Ref[]2].




TESTING AXIOMS FOR QUANTUM MECHANICS ON TOY-THEORIES 6

GE A B C c D —¢
E Aj F G En G‘J
. D =
"I H L MM N B
— A — B _
GE B a c D E
e | AT e G R E,
. G
"1 H L | Pm|w N * Gy
@A o Bk P Fp N B

Figure 1. Split of a closed circuit into a preparation and an
observation test.

namely, it ie equivalent to the connection of a preparatest with an ob-
servation test. Thus, a diagram of the foﬁﬁ:l#‘:Bﬁ< generally

represents the event corresponding to an istance of a aetckkperiment,
which starts with a preparation and ends with an observafldre proba-

bility of such event will be denoted aB ; jA;, using the “Dirak-like” no-

tation, withrounded kefA;) androunded bra B ; for the preparation and
the observation tests, respectively. In the following wé use lowercase
greek letters for preparation events and lowercase latiergefor observa-
tion events. The following equivalent notations denote gihabability of
the sequence of eventsA , a

ey (@A [ )= O A |{2%®

Also,

3 —JA Ha"—{a AB%®  (dA =(a Aj;

and the even® can be regarded as “transforming” the observation eaent

into the eventa A . The same can be said for the preparation event.

2.3. States, e ects, transformations. In a probabilistic theory, a preparation-
event ; for system A is naturally identi ed with a function sendingservation-
events of A to probabilities, namely

4) i:SA)! [0;1]; & 7! @ i,
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and, analogously, observation-events are identi ed witictions from pre-
paration-events to probabilities

(5) aj:EA)! [0;1]; )7 &) i

As probability rule, two observation-events (preparatments) correspond-
ing to the same function are indistinguishable. We are tbad to the fol-
lowing notions of states and ects:

States and e ects: Equivalence classes of indistinguishable preparation-
events for systery are calledstatesof A, and their set is denoted &A).
Equivalence classes of indistinguishable observatieants/for system
are callede ectsof A, and their set is denoted &A).

Therefore, in the following we will make the identi cation$) preparation-
events states; 2) observation-eventg ects. Notice that according to our
de nition of states and eects as equivalence classes, states are separating
for e ects and viceversa ects are separating for stafes.

Linear spaces of state® ects. Since states (eects) are functions from
e ects (states) to probabilities, one can take linear contibims of them.
This de nes the real vector spacBg(A) andEr(A), one dual of the other
(we will restrict our attention to nite dimensions). In thtase, by duality
one has dinfgr(A)) = dim(Er(A)).

Convex cones of states ects. Linear combinations with positive coe
cients of states or of eects de ne the two convex coné&s. (A) andE. (A),
respectively, one dual cone of the other. The standard gsgumin the
literature is that, since the experimenter is free to randerthe choice of
devices with arbitrary probabilities, the set of staB#\) and the set of
e ectsE(A) are convex.

Linear extension of events.Linearity is naturally transferred to any kind
of event through Egs.[](2) and] (3), via linearity of probdlEs, and, in
addition, events become linear maps on statesecse.g. A 2T(A ;B),

A :j)aT7'JA )g. Every eveniA 2 T(A;B) induces a map frors (AC)
to S(BC) for every system C, uniquely de ned by

(6) A 1] )ac2S(AC) M (A 1 ¢)j )ac 2S(BC);

| ¢ denoting the identity transformation on system C. The mamesar
from Sg(AC) to Sg(BC). From a probabilistic point of view, if for ev-
ery possible system C two everfis andA °induce the same maps, then

2We say that a set of ects isseparatingfor a set of states, if any two states of the set
have at least a derent probability for two eects of the other set. Similarly for a set of
states.



TESTING AXIOMS FOR QUANTUM MECHANICS ON TOY-THEORIES 8

they are indistinguishable. We are thus lead to the de nitvd transfor-
mation: Equivalence classes of indistinguishable events ffoto B are
called transformations from A to B. Henceforth, we will identify events
with transformations. Accordingly, a test will be a colliect of transforma-
tions.

In the following, if there is no ambiguity, we will drop the sgm index
to the identity event. Notice that generally two transfotioezs A ;A ° 2
T(A;B) can be dierent even ifA j )a = A% )a for every 2 S(A).
Indeed one ha# , A Cif that there exists an ancillary system C and a
joint statej )ac such that

(7) A 1 )j)ac, A° 1)j)ac

We will come back on this point when discussing local disamibility.

2.4. No signaling from the “future”. Although in the networks discussed
until now we had sequences of tests, such sequences weregestsarily
temporal, orcausal sequencesamely the order of tests in a sequence was
not necessarily following the causal or the time arrow.

We now introduce the causality condition, also calhedsignalling from
the future which allows us to interpret the sequential compositioraas
causal cascade.

Causality condition 1[f[] We say that a theory isausal if for any two tests
fAigox andfB jgyv that are connected with at least an input of tB3t,g,y
connected to an output &g,y as follows

(8) SRS c F
N 5 |fBig
fAig

B E

one has the asymmetry of the joint probability of eventsefgiall other
events in the network):

X
%) P(Ai;B ) = p(Ai); 8Ai; 8fB gov;

Y
(10) P(Ai;B ) = p(B j;fAig2x); 8fAigxx; 8B j:

i2X
In words, we say that the marginal over t€Bt;g,y is independent on the
choice of the same test—namely it would be the same if theeeneeest
at the output of testA;g.x—whereas the marginal over the td#t;g,x
generally depends on the choice of the test.
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Causality and the arrow of time. The above asymmetry of marginaliza-
tion of joint probabilities corresponds to say tha¢stfAig,x can in u-
ence testB g,y, but not viceversaOr else:fA;g.x is cause forfB ;goy
andfB jgyv is e ect forfAig,x. Thus, the asymmetry isausality. If we
now take the input-output direction as the past-future tnelation, this
corresponds to choose therow of time, namely it corresponds to say that
causes precede ects. According to our choice of the time-arrow the input-
output connection between tests is interpreted asi@-cascade of tests
Therefore, in synthesis, the asymmetry in the marginatinaif probabili-
ties corresponds to postulate that:

No signaling from the future: The marginal probability of atime-cascade
of tests does not depend on the “future” tests.

On the contrary, the marginal probability of a time-casaafdests gener-
ally depends on “past” tests, and we will see that this leadlsd customary
probability-conditioning from the past.

The causality condition greatly simpli es the evaluatidnpoobabilities
of events. In fact, since the probability of an event in a testdependent
on the tests performed at the output, we can just substitated¢twork with
another one in which all output systems of the test of interesssubstituted
by a deterministic test.

Formulation in terms of preparation tests. We have already introduced
preparation tests, namely tests with no input, and denosell a-&—.
Moreover, we have shown that every portion of network tha ha in-
put is equivalent to a preparation testeag.in Fig. [1. The causal condition
can now be equivalently formulated as follows:

Causal Condition 2.[g]] A theory iscausalf every preparation-event 5
has a probability | ;) that is independent on the choice of test following
the preparation test. Precisely, fiRg.x is an arbitrary test fromA to B,
one has

X
(11) P()= PA )

i2X

The equivalence of the two formulations of the causal coomlitan be
easily proved as follows. The implication Conditionsl Condition 2 is
immediate. Viceversa, consider any portion of the compietavork which
has no input, which contains te#t;g,x, and which has noting attached at
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the output systems of tebA g,x, as follows

(12) GF —

A C

fAig

B

@

This is a preparation test. Then according to Condition Zdive proba-
bility of all events in the preparation test-e. our portion of network—is
independent on the choice of tests connected at the outfhe aktwork. In
particular, the probability of evenss; given all other events in the network
will be independent on the choice of the test at the outpuestfA ;g

We should emphasize that there exist indeed input-outpatioa that
have no causal interpretation. Such non causal theoriestaleed in Ref.
[B]. A concrete example of such theories is that consideneRéefs. [V,
fll, where the states are quantum operations, and the trarsions are
“supermaps” transforming quantum operations into quardparations. In
this case, transforming a state means inserting the quanpenation in a
larger circuit, and the sequence of two transformation itsancausal. The
possibility of formulating more general probabilistic ttes even in the
absence of a pre-de ned causal arrow may constitute a dringjeedient
for conceiving a quantum theory of gravity (see e.g. HardRef. [8]).

The causality principle naturally leads to the notion ofditioned tests,
generalizing both notions of sequential composition amdloanization of
tests. For a precise de nition see Rdf. [2].

Causal theories have a simple characterization in termiseofailowing
lemma [2].

Lemma 1. A theory is causal if and only if for every systérthere is a
unique deterministic ect(gj,.

Moreover, one also haf [2]

Lemma 2. A theory where every state is proportional to a determinigtie
is causal.

2.5. Alternative de nition of statefor causal theories. From Lemmd]1
it clear that in a causal theory the probability function oegentsp is
uniquely de ned. We can accordingly de ne the state alsohia follow-
ing way: A state! for a systemA is a probability rule! (A ) for any event
A 2 T(A;B) occurring in any possible test with input syst&mWe call the
statenormalized if for every possible each teffk;gox with input syster,
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the following condition holdss(

(13) L(A) =L
jox

It is easy to see that for causal theories the above de nis@guivalent
to the de nition of state as equivalence class of prepanagieent. In fact,
the preparation event is a positive functional over obsgemdests (see Eq.
(@)). On the other hand, due to causality, the probabilitthefeventA for
preparation! )a is independent on the choice of the following test, whence,
in particular, is given by

(14) A) = (A ]! )a;

whereas normalization follows easily. Viceversa, for amalized state the
probability rule! (A ) along with normalization[(13) provides probabilities
that satisfy Eq.[(11).

Conditional state. Causality also allows us to de ne the notion of condi-
tional state, namely the state corresponding to the camditiprobability
rule. The following cascade

(15) A B -

leads to the notion of conditional probability that evBntoccurs knowing
that eventA has occurredo(BjA) = ' (B A)=! (A). This sets the
new probability rule! o, (B) := p(B jA ), corresponding to the notion of
conditional state The conditional staté , , which gives the probability
that an event occurs knowing that evénthas occurred with the system
prepared in the staté, is given by

L A).

(the central dot “ denotes the location of the variable). This is another
way of regarding the ever®t as a transformation, namely as transforming
with probability! (A ) the staté to the (unnormalized) state! given by

(17) Al =1 ( A):

In such way causality leads to the identi cations: 1) evertansformation
and 2) evolution state-conditioning. Notice that also a deterministic ¢ven
produces a nontrivial conditioning of probabilities.

Marginal state. Regarding the state as a probability rule in causal theories
naturally leads to the other relevant notionnoérginal state, correspond-
ing to the marginalization probability rule. The margintdts is just the
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probability rule for marginal probability, namely
Pij :§<aijA b B)]( )AB;. | - N
= Pj=  (aa by i )as = (aja (€] )as =1 (aija] a:

j j
Herej )a is the marginal state of system A of the joint statg.s. The
de nition of marginal state is therefore the following

(18)

Marginal state: The marginal state gf )ag On systenA is the statg )a :=
(g )ae-
The marginalization of a state corresponds to the follovdiagram

—1_A
0

GF .
(19) 08| & ™

Abbreviated notation. In the following, when considering a transforma-
tionin A 2 T(A;B) acting on a joint state 2 S(AC), we will think the
transformation acting oh locally, namely we will use the following natural
abbreviations

(20) A 2T(A;B);! 2S(AC); Al (A 1) )acs

(21) PAA) (Bac(A 1 )] )ac

In regards of probabilities the abbreviation correspondale the marginal
state.

Complete operational speci cation of a transformation. Operationally a
transformatioreventA 2 T(A;B) needs to be completely speci ed by the
way it a ects all observed outcomes, namely all probabilities. hesns
that it is speci ed by all the joint probabilities in which is involved. It
follows thatA 2 T(A;B) is univocally given by the probability rule

(22) A 2T(A;B); A! =1( A): 8! 2S(AC)

namely its local action on all joint states for any ancillastensions. This
is equivalent to specify both the conditional state and the probability
I (A) for all possible statek, due to the identity

(23) Al =1 (A) A

In particular thedentity transformation | is completely speci ed by the
rulel ! =1 forall stated .

Linear space of events.We have seen that states inherite a linear struc-
ture from being functionals over ects, and the viceversa ects inherite a
linear structure from being functionals over states. Wealaa regard the
linear combination of two states as re ecting the linear bamation of their
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respective probability rule. On the other hand, since faangationgevents
are fully speci ed by their action on states, they are alsmpletely spec-
i ed by their action over their linear space, hence they nithieir linear
structure as follows

(24) (@A +bB)! =aA! +bB!; 8a;b2 R; 8! 2 S(AC)

namely the linear combination of ever#8 + bB is complely speci ed

by its action over a generic state 2 S(AC), action that is given by the
linear combination of the two statés!; B! 2 S(AC). Notice that both

compositions and are distributive with respect to addition.

2.6. No signaling without exchanging systemsThe “no signalling from
the future”,i.e. the causality requirement, implies another “no signaling”
namely the impossibility of signalling without exchangisgstems:

Theorem 2.1. (No signalling without exchange of physical syems)in
a causal theory it is impossible to have signalling withoxtteanging sys-
tems.

Proof. See Ref. [[].

2.7. Alternative de nition of e ectfor causal theories. An e ect is the
equivalence class of transformations occurring with thenegrobability

Indeed, if the two transformatios,;; A, 2 T(A; B) are probabilistically
equivalent, one haégp A1j!' )a = (gaA2j! )a; 8! 2 S(A), and due
to the fact that states are separating foe@s, this is equivalent to the
identity of e ects(gy A1 = (64 A2 = (&, and we will say that the two
transformations belong to the sameeeta 2 E(A).

Depending on the context, in the following we will also use éguivalent
notations for states, ects, and transformations

25) b A =(MA; Al =Aj) GAj)=!(b A):

One of the consequences of Lempha 1 is that the set eftsfl;gcorre-
Eponding to all possible events of a test satisfy the nomatdin identity

i li = e, edenoting the deterministic @ct. Such a set of eects will be
calledobservable We will also call an observabiaformationally com-
pleteif it is a state-separating set of ects, andninimal, if the e ects are
linearly independent.
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2.8. Local discriminability. A standard assumption in the literature on
probabilistic theories ikocal discriminability.

Local discriminability: A theory satis es local discriminability if for every
couple of di erent states;, 2 S(AB) there are two local eects a2 E(A)
and b2 E(B) such that

GF A { @8 g - A { %"
(26) ‘@ﬁ%w ‘@i B [pE%

Another way of stating local discriminability is to say thihe set of fac-
torized e ects is separating for the joint states.

Local discriminability represents a dramatic experimesd@antage. With-
out local discriminability, one generally would need tolbup aN-system
test in order to discriminate aN-partite joint state, instead of using just
N of the same single-system tests that allow us to discrimistdtes of
single system. Local discriminability implies local obgsbility, namely
the possibility of recovering the full joint state from juetal observations.
Stated in other words, local observability means that omebeald up an
informationally complete observation test made only obldest,i.e. one
can perform a complete tomography of a multipartite stairegusnly local
tests. This is given by the following lemm [2]:

Lemma 3. Letf jgandf™;gbe two bases for the vector spac®s(A) and
Sr(B), respectively, and ld,gandfb;gbe two bases for the vector spaces
Er(A) and Er(B), respectively. Then every state2 S(AB) and every

e ect E2 E(AB) can be written as follows
X

J e = AjiidaTie
(27) X _
(Eag = Bij (aija b B
i
for some suitable real matrix; A(Bj;).

Another consequence of local discriminability is that sfmmmations in
T(A;B) are completely speci ed by their action only on local s&$ (A),
without the need of considering ancillary extension. Thiassessed by the
following lemma [P]:

Lemma 4. If two transformations\ ;B 2 T(A;B) are di erent and local
discriminability holds, then there exist a stat@ S(A) such that

(28) Al 2B |-
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3. Bloch representation for transformations of a probabilistic theory

Based on the linear structure established for states¢ts, and trans-
formations, we can now introduce an ae-space representation based on
the existence of a minimal informationally complete obable and of a
separating set of states. Such representation genertdz@®pular Bloch
representation used in Quantum Mechanics.

In terms of a minimal informationally complete observalileg i =

can expand (in a unique way) anyexta 2 E and staté 2 S as follows

X X
(29) a= i@l = L) i

=1 =1
Instead of using a minimal informationally complete obséate and a min-
imal set of separating states it is convenient to adopt daabipiorthogonal
basisl = fligand = f jgfor Ex andSr embedded int&R" as Euclidean
space, and it is convenient to identify an elemenfigwith the determin-
istic e ecte—sayl, = e. Correspondingly ,in = f ;gis the functional

giving the deterministic component of theext. Using a Minkowskian

notation

30) | (;e; (;) with | =" 1+ e

we write
31
(31) o

@)=t@=at)=1t) @= §t)i@ @)+ (@)
i=1

Clearly one can extend the convex sets oées and states to their com-

plexi cation by taking complex expansion co&ients.

The vectord(! ) and (a) give a complete description of the (unnormal-
ized) statd and (unbounded) eecta, thanks to identity[(31). For normal-
ized statd , I(! ) is theBloch vectorrepresenting the state®. The rep-
resentation igaithful (i.e. one-to-one) for biorthogonal basis or, generally,
for minimal informationally complete observable.

We now recover the linear transformation describing cooihg. The
conditioning is given bybjA j' )= Al (b)=!'(b A)=Db(A!). From
linearity of transformations one car;(introduce a makixf A;g and write

(32) LA)=1( A)= | Aijli(h ) + Ane(! );

3More precisely the last componenti¢f ) is (! ) = 1 for each normalizet, and the
Bloch vector isl(!).
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and, in particular, upon denotiraag:;([A ]e , one has

(33) eAl)=t(e A) t@= Ali") @ 1)+ @et);

i
from which we derive the identities(a) Anjand (a) = Ann.

[(A1)=AI()+kA);

A= § LA)="@ 1)+ (@)
c o AR)IE) kA,

o (1 a)= 22 :

(a) @ It)+ (3

Figure 2. Matrix representation of the real algebra of trans-
formationsA. The last row represents the ect a of
the transformatiorA . It gives the transformation of the
zero-component of the Bloch vecte(A ! ) F'A) =
“(@ 1¢ )+ (a), namely the probability of the transfor-
mation. The other rows represent the ree transforma-
tion of the Bloch vector(! ) corresponding to the opera-
tion of A , the last column giving the translati&QA ), and
the remaining square matri& the linear part of the ane
map. The Bloch vector of the state is transformed as
f[(A1)= Al )+ k(A ), and the conditioning over the con-
vex set of states is the fractional ae transformation in g-
ure.

The real matrice#\ are arepresentatiorf the real algebra of generalized
transformationsA. The last row of the matrix is a representation of the
e ecta = [A ]e (see Fig.[B). In vector notation, for a normalized input
state one has

(A1) =AI( )+ k(A ); k(A) 1A )
(34) qAl)="(a I()+ (a)
Al () ="(b) [(A!)+ (b)e(A!):

The matrix representation of the transformation is giveRim 3.
Therefore, summarizing, we have found the following repngéstion for
the conditional staté 5 after the action of the transformatién regarded
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as an a ne map ovef
Ay + k@A)
‘@ i)+ @

with the transformation occurring with probabilityA ) given by! (A ) =
@ I(" )+ (a). Naturally is

(35) 12S: Q) (a)=

|
Al )+ kA)
@ It)+ (3
A pictorially view of the action ove8 of the a ne mapA is given by the
linear-fractional mapand theperspective mafsee [P]).
The following Propositions will be useful in constructingrncrete prob-
abilistic models.

(36) 1 2S; 10)! 10 a)=

Proposition 3.1. All the contractions in the convex skfare represented in
Bloch form by a matrix with an element Bfas last row. Otherwise they
will not be contractions.

Proof. By de nition of Bloch representation.
Proposition 3.2. If a 2 Extr(E) andA 2 Extr(a) thenA 2 Extr(T).

Proof. If A 2 athen its Bloch matrix has(a) as last row. According

to Propositior] 3]1 every set of contractions combining esfyto giveA
must combine to (a) in the last row of the Bloch representation. Since
a 2 Extr(E), the only case in which it is possible is when the convex com-
bination is among elements in the same equivalence aldss this contra-
dicts the hypothesi& 2 Extr(a).

Observation 3.1. One could think that all extremal transformations are
extremal within the equivalence class a with a extremal, elgufaxtr(T) =

fA 2 Extr(a); 8a 2 Extr(E)g In general this is false, as we will show with
an example from Quantum Mechanics. On the contrary, we adlitkat the
extended Popescu-Rohrlich model satis es this property.

De nition: We de ne thegenerator set ofE—denoted bygen(E)—as the
set of e ects whose orbit under the groupBfautomorphisms ig, namely
the set such thagen(E) Aut(S) = E.

Proposition 3.3. We getExtr(a Aut(E)) = Extr(a) Aut(E) 8 a 2 gen(E).

Proof. Itis su cient to show tha8 a 2 gen(E) and8U 2 Aut(S) we get
(37) Extr@ U)=Extr@ U:
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Considering a maB in Extr(b) it is easy to show tha8 U is a map
in Extr(b U ), in fact the Bloch representative 8 U has (b U)
as last row and is extremal becalde= B U U !isextremal. Then
for eachA 2 Extr@ U)in Eq. (37) we can tak& U ! 2 Extr(a)
satisfying the equality, and vice-versa for eagkh?2 Extr(a) we can take
A U 2Extr@ U).

In the following we will denote byl = fligand = f ;gthe canonical
basis ofEg andSkg, respectively.

4. ThePostulates FAITH, FAITHE, andPURIFY

4.1. Postulate PFAITH. Postulate PFAITH playes a major role in all op-
erational probabilistic theories (see both Ref$. [1] dfj)l [Zhe Postulate
concerns the possibility of calibrating any test and of pra any joint
bipartite state only by means of local transformations.oBzintroducing
the Postulate we need to de ne what is a faithful state.

Consider a bipartite system AB and a bipartite stat@ S(AB). The
state induces the following cone-homomorphism

(38) T.(A)3A 7M(A 1) 2S.(AB):
If the cone-homomorphism in Eg[ (38) is a cone-monomorphism
namely the outputA | ) isin one to one correspondence with

the local transformatioA , then is dinamically faithful with re-
spect to A. The output keeps the information about the injaunst
formation and this allows to calibrate any test by means oéllo
transformations.

If the cone-homomorphism in Eq.[ {38) is a cone-epimorphism,
namely every bipartite state can be achieved as= (A )

for some local transformatiofh , then is preparationally faith-

ful with respect to A. Any joint state can be prepared by means of
local transformations.

Observation 4.1.For  both preparationally and dynamically faithful, one
can operationally de ne théransposed transformationA © 2 Tr(A) of a
transformationA 2 Tr(A) through the identity

(39) A° 1)y=10 A);

and all the properties of transposition are veri ed.

Postulate PFAITH: Existence of a symmetric preparationaly faithful
pure state. For any couple of identical systems, there exists a symmetri

4A cone-homomorphism between the cogsandKj is simply a linear map between
Spang(K1) andSpang(K2) which sends elements &f; to elements oK,, but not neces-
sarily vice-versa.
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(under permutation of the two systems) bipartite state wisdooth pure
and preparationally faithful

Postulate PFAITH leads to many relevant features of the ghitibtic
theory. Here we brie y report those that are useful in thestarction of
our concrete probabilistic models. For the proof see Reffiere many
other consequences are investigated. In the following,nwdensidering
two identical systems A= B if there is no ambiguity we will just write
AA instead of AB to denote the bipartite system. Considerabgabilistic
theory for two identical systems A B that satis es Postulate PFAITH and
let be a pure symmetric and preparationally faithful bipaditge of the
theory; then the following properties holds:

(1) is both preparationally and dinamically faithful with resp to
both systems.

(2) One has the cone-isomorphisi. (A) ' S.(AA) induced by
viathemapA 2 T.(A)$ (A 1) 2 S.(AA). Moreover, a
local transformation on produces an output pure (unnormalized)
bipartite state i the transformation is atomic, namely (A
| ) ispurei A isatomic.

(3) The theory is weakly self-dual, namely one has the cengibrphism
E.:(A)' S.i(A)induced bythemap (a; )="! 58a2E.(A).

(4) The identical transformatidn is atomic.

(5) The transpose of a physical automorphism of the set tdsta still
a physical automorphism of the set of states. We denote thef se
automorphism of the set of states Ayt(S (A)).

(6) The maximally chaotic stateB  (g; ) is invariant under the trans-
pose of a channel (deterministic transformation) whernceartic-
ular, under a physical automorphism of the set of states.

Observation 4.2. A stronger version of PFAITH, satis ed by Quantum Me-
chanics, requires the existence of a symmetric preparatipsuperfaith-

ful state , such that also is preparationally faithful, whence 2"is
preparationally faithful with respect t&", 8n > 1.

4.2. Postulate FAITHE and teleportation. In Ref.[1] other Postulates are
introduced which make the probabilistic theories closeQt@antum Me-
chanics. In this paper these Postulates will be tested otretaprobabilis-
tic models.

>Two conex; andK; are isomorphic i there exists a linear bijective map between the
linear spanspang (K1) andSpang(Ky) that is cone preserving in both directions, namely
it and its inverse map must sefthys(K;) to Erays(K>) and positive linear combinations
to positive linear combinations.
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Since a preparationally faithful state is also dynamicélighful, it is
ideed an isomorphism, and as a matrix it is invertible. Orother hand, in
general its inverse is not a bipartiteext:

Postulate FAITHE: Existence of a faithful e ect. There exists a bipar-
tite e ect F (all system equal) achieving probabilistically theerse of the
cone-isomorphisr&.(A) * S.(A) givenbya ! ;B (a ), namely

(40) (Fios)! a)2 = (Fiz(@j1] )12= (a3; 06 61

Eq. (40) is equivalentt@Fj,3j )12= Sis, Sij denoting the transforma-
tion which swaps théh system with thgth system. The main consequence
of FAITHE is the possibility of achievingrobabilistic teleportation of
states between equal systems using theceF and the state as follows

(Fizs! )2] )aa=(Fjps(@ji] )12) )aa=(ajy fsz{% )}2] )34
(41) S1s
= Ja )i )= V)4

According to the last equation Postulate FAITHE is equinate the rela-
tion

(42) (Fizs] )12j )sa= ] )wa oOF
where is the probability of achieving teleportation. It dependsyoon
the faithful e ectF since itis = (g14(Fjo3] )12) )3s- Moreover, the

maximum value of is achieved maximizing over all bipartite ects and
it depends on the particular probabilistic theory.

Here we give a criterion to exclude the possibility of acingueleporta-
tion from a preparationally faithful state in a probabitgheory.

Proposition 4.1. If there exists a preparationally faithful state violating
Postulate FAITHE then all the preparationally faithful s#a violate it.

Proof. Let 2 S(AA) be the preparationally faithful state violating FAI'EH

And letF = ! be the bipartite functional satisfying Eq- [40). Then there
exists a state 2 S(AA) such that

(43) Yjo<0;

namelyF = lis not a true eect for each > 0. Now let °be another

preparationally faithful state. From the faithfulness of there exists a
transformatiorA 2 T(A) such that

(44) A 1)y= =&
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Ois preparationally and dinamically faithful, therefakeis invertible and
A lisatransformation. Consider then the quantity

(45) o= YA 1I)A T 1)j)= % <o

So also °!is not a bipartite eect because we have found a stafe=
(Al 1) 2S(AA)suchthat 9 °<0.

As immediate consequence of this Proposition we get

Corollary 4.1. If a probabilistic theory does not satisfy Postulate FAITHE
then there is no preparationally faithful state achievietgportation.

The following Proposition will be useful in the construgtiof probabilis-
tic models because it shows that a model which violates RastBAITHE
cannot admit the existence of a super-faithful state.

Proposition 4.2. If a probabilistic theory admits a super-faithful state
then Postulate FAITHE is automatically satis ed and telgpton is achiev-
able.

Proof. In fact considering the symmetric faithful quadripartitate quaq =
, according to the isomorphisi. (AA) ' S.(AA), we can nd a
bipartite e ectF 2 E(AA) such that

(46) (F Jos) )12] )3a= ] )ia

as required by FAITHE (see Ed. {42)). Naturally telepodafiollows as a
consequence of Postulate FAITHE.

4.3. Puri ability of a probabilistic theory. We know that Quantum Me-
chanics allows puri cation. A “minimal” version of puri altity for proba-
bilistic theories is introduced through the following Plzge:

Postulate PURIFY: Puri ability of all states. For every statd 2 S(A)
there exists a puri cation 2 S(AA), i. e. namely a state having! as
marginal state. Precisely:

(47) 8! 2S(A); 9 2Extr(S(AA)); suchthat (6] )i2=j' )

In Ref.[2] many consequences of PURIFY are analysed. Incodat is
proved the following Lemma which achieves the atomicity lué tdenti-
cal transformation, and then the purity of the preparatigraithful state,
without assuming PURIFY:

Lemma 5. If Postulate PURIFY holds then the identical transformati®
atomic and the preparationally faithful stateis pure.
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As already mentioned Postulate PURIFY introduces a minimoélon
of puri ability. Quantum Mechanics satis es a more restiwe condition.
Therefore in the same work Rd1.[2] is introducedteonger version of
Postulate PURIFY which requires that every mixed state has a puri cation,
unique up to reversible channels on the purifying systenis iiéw property
has theentanglement swappin@nd then probabilistic teleportation) as a
consequence:

Proposition 4.3. Consider a probabilistic theory. If every mixed state has a
puri cation, unique up to reversible channels on the purfysystem, then
each symmetric pure bipartite preparationally faithfubst 2 S(AA)
allows entanglement swapping. Thus FAITHE is satis ed amdbabilistic
teleportation is achievable.

For the proof see Ref][2]. Notice that the stronger versibRastulate
PURIFY requires the uniqueness of puri cation up to revaliisichannels
on the purifying system at all the multipartite levels. Giwefaithful state

2 S(AA) we say that theentanglement swappingis possible if there
exists a constant> 0 and a bipartite eectF 2 E(AA) such that

(48) (Fizsj )12 )aa= ] )ia

Therefore, according to Eq[ (42) FAITHE is satis ed and pelgation is
achievable.

In the following sections we will test the above postulatesone prob-
abilistic toy-theories dierent from Quantum Mechanics.

5. Toy-theory 1: the two-box world (extendedPopesctRohrlich model)

The original model contains only states anctets, and has been already
considered in Ref]1] as a testing model for our presentatviistic frame-
work. Here we will extend the model, by adding transformagian a con-
sistent fashon.

5.1. Original model: the Popescu-Rohrlich boxes.The riginal model
has ben presented in Rgf.[3]. It is locally made dfax which provides
the probability rule for the output given the input. In thenplest situation,

input and output are both binary. As sketched in Hig. 3, tiobability rules

aré g

. 1, i= X
49 P = =01
(49) (i) -BO otherwise

for the two possible outpuis= 0; 1 given the two possible inputs= 0; 1.

8In Eq. ) the symbol denotes the addition modulo 2.
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The core of the original work are the correlated boxes in Bigle ned
by the joint probabilitie$(i jjxy) consistent with no-signaling. As shown in
Ref.[10], the complete set of such probabilities make ahtedgnensional
polytope with 24 vertices. Among these 24 probability dmttions we
can identify the two relevant classes of local non-localds»denoted as
P-  (ijjxy) andPN (ijjxy), respectively:

(50) 8
%l; = x gl' i j=xy X vy
L — - X N — 5 -
P- (ijixy) g Iz x PRI =35 Cherwise
-0 otherwise
where ; ; ; 2 f0;1g The 16 local vertice®- (ijjxy) correspond to

the factorization of the single box probability rul®s (ijx), while the 8
non-local probability rule$N (ijjxy) introduce the strongest correlations
compatible with no-signaling, corresponding to the maximalation of
the CHSH inequality with no-signaling.

i=01 ji=01

PL (i | 2y)
PV (i | )

Figure 3. Figure 4.

In the following we will introduce the cones of states anceets, and
then we will extend the original model introducing transf@ations. This
will be achieved starting from a bipartite state consideregdreparationally
faithful.

5.2. Local sets of states and eects. According to the local box in Fid] 3
we can perform two possible tests® = fA ;A @Wgwith x = 0;1, and,
correspondingly, we will denote the ects of the tesh® asal?; a, with
(51) ay +a’ = ay +af
wheree is the deterministic eect. Therefore there are only three indepen-
dent local e ects, whence dink;) = dim(S.) = 3. Clearly dimg) = 2,
and there are only two anely independent states. Therefore, the local con-
vex set of states is the 2-dimensiopalytopeP? given by the convex hull

of the probability rule? (ijx) in Eq. (49). These are the vertices f
namely the pure states of the model. In the following we waélhdte them
by !
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It is convenient to represent the ects in a 3-dimensional vector space

with the canonical coordinate along tk@xis corresponding to the deter-
(52)
1 1 1
2 2
CE @i (3g)) = é %i; () = é% i; (ag)) = %g @) = é
1 1 1

NN

ministic e ecte. Therefore a possible representation of the fougats in
the two tests is
2 2 2 2

Correspondingly, according to the probability rule in B&J); the four pure
states will be represented as

1 0
(B3) I :=BF% I YY) =8F%I10H=F0¥% I =8 1%
1 1 1 1

One can easily verify the application of the states to thecés

8
(54) P (p@=! @) 1 ) (ai(x))=§$’ Iotzhei(wise

Notice the third coordinate (the axis of the cdBe), which is constantly

05
05 0y
v
1o
»
1
05
:

1.0

Figure 5. The square at the top represents the set of states
S. The transparent cone represents the dual cone exfte

E.. The octahedron inside the transparent cone represents
the convex set of eectskE which is theE.-truncation given

by the conditiora 6 e wherea is a generic eect ande the
deterministic one

equal to unit. Denoting by;y; z the three components of vectors in both
the Euclidean space&x andEg, the 2-dimensional polytop®? of states is
(see the square at the top in Hify. 5)

n 0
(55) S=P=1(1)jjx+}yj61;

which is the convex hull of the vectot§! ) ( = 0;1;, = 0;1) corre-
sponding to the vertices &. Clearly the con& ., based ors, and its dual
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E. are given by
n .. . - . 0 n .. . . . 0
56) S+ = I(")jj¥+jyyj6z2z>0; E/= @jX62zj)j6z2>0:
Therefore the convex set of physicalexts is
: |
-3

8
3% 6 Z jyj 6 Z 1
1

57 E a) such tha
(57) (8) su X6l zjy6l z

“ W IWwe©o

z2
z2

Nk O

corresponding to the truncation Bf given by the order prescription 6
abe

5.3. The bipartite system and the faithful state. As mentioned, the joint
probabilitiesP  (ijjxy) form a table of 2 = 16 entries, of which only 8
of them are independent. Thus the bipartite convex set dsEAA) is
the 8-dimensional polytope with the 24 vertices given in Egf]). These
correspond to the pure bipartite states of the model: thadiéfized states
! I, plus the 8 non-local ones, which we will denote by . The
whole setS(AA) is then the convex hull of its vertices. A way to introduc
the whole set of transformatioh$, compatible with the cone of bipartite
statesS. (AA), is to assume the cone-isomorphidm(A) ' S.(AA) in-
duced by a preparationally faithful stateaccording to Postulate PFAITH.
We can take one of the non-local vertices —say = %% —as a pure
symmetric preparationally faithful state. First we haveckeck that, re-
garded as a matrix over ects, such state is non singular, since a prepara-
tionally faithful state is also an isomorphic map betweenctbnesS., and
E.. Indeed we have

(58) = i =f =1 (I;l)g

and from the rules in the right Ed. {50) we get the non singulatrix
59
( ) (aéo) agl);ago) agl)) (ago) agl); ag.O) aéo)) (aéo) agl); e)
1 1
1 1 é:
0 0 2

SR A ) @ A W) @ e

(& a:e) R (e¢)
The cone-isomorphisr&. ' S. established by the map(a; ) = ! 5 is
explicitly given by' ; := (l;; ), where the vectors; are the images of the

"We know that transformations are usually the completelyitpesmaps but in this
model as in the following ones we consider only two systenasthan the transformations
are two-positive maps by construction.
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basis e ectsl; under the map . One also has
60
( (a)éo). ) = %! 00. (a(10). )= %! o1. (aél)' )= %! 10. (agl). ) = %! 11.
Notice that (e; ) = has representatiié¢ ) = 3, namely it is the center
of the squaré.

The same arguments leading to the matrix representatio%fcan be
iterated for each state , and all of them could be assumed as faithful
state of the theory.

5.4. Introducing transformations. As already stated the symmetric prepa-
rationally faithful state °®induces the cone-isomorphism(A) ' S.(AA).
The rst step is to achieve from the isomorphism an explietation be-
tween elements in the two cones. Then by this relation thelevbet T ..
could be generated from the cone of bipartite st&efAA). Let A be

a generic transformation ifi.. Then take the matrix representationfof
induced by the relation x

(61) |i A = Aiklk:
k
From the isomorphisri, ' S, (AA) we know that

(62) 8 2S.(AA) 9'A 2T, suchthat{ A )=

Matching the last two equations we have
(63) X
A (stp= ;1)) @ty A)= (1)) Ak = ij
k
) A= ) A=t &

It is su cient to nd the twenty-four extremal rays of., namely the
ones associated to the extremal raysSQ{AA), according to the cone-
isomorphisnil . (A) ' S, (AA).

First we achieve the transformations corresponding to timelacal ver-

tices , hamely the eight mafd3  such that
(64) (¢ D )= ;. =06
From their representativds = Lit is easy to verify the identity

Aut(S) =fD gnamelythe map® are the eight automorphisms of the
local square of stateS: D 9% D 111 001 D 110 perform respectively a 2
=2, ,3=2, 2 -clockwise rotations around the axis of the c&g while

D 100: p 011:  010. B 101 perform the four re ection-symmetries of the square
of states. As a consequence of PFAITH (see Suljsdc. 4.1 piepvsed of
the automorphisms must be still automorphisms as can betlgiresri ed

in this case. Moreover the application of the automorphitnike faithful



TESTING AXIOMS FOR QUANTUM MECHANICS ON TOY-THEORIES 27

state produces the eight pure bipartite state SGAA) which are all pure
symmetric preparationally faithful states. Finally we ozerify that the
maximally chaotic state = ogo(€; ) is invariant under the automorphisms
application, namel\D = ,8D 2 Aut(S), as stated among the
PFAITH consequences in Subsgc) 4.1.

The other extremal elements ®f are the transformations associated to
the sixteen pure statés ! . From the explicitisomorphism in Ed. (63)
we get sixteen transformations, the eight maps

(65) %? OC i %EOC 8 g 8 i EOC OC i c= 1
1 1 1 1 1

plus the eight given by inverting the rst and the second rofom these
transformations plus the automorphisiBs git is possible to generate the
extremal rays of the conk. (Erays(T.)) and, by convex combinations, the
whole sefT ..

As already mentioned in Observatipon|3.1, the extended RapRshrlich
model has the following interesting property

NI
NI

Proposition 5.1. The extremal transformations of the extended Popescu-
Rohrlich model coincide with the extremal elements of th@vedences
classes if extremal ects.

Proof. We know from Subsec[ 5.2 that Ex8)( = fe; 0;a; al”; a%alVg
According to the de nition ofgen(E) given in Sec. []3, we can assume
gen(E) = fe; 0;a%g In fact acting ora{’) with the automorphismaut(S)
the remaining extremals & are achieved.

First we look for Extr{). From Propositiofi3}1 we know that the Bloch
representativé = fA;gof a transformatiols 2 al” has (&) as last row,
namely itisAg; = 3, Azz = 3 andAgs = 3. MoreoverA must be positive
andthelPA! 2S.8 20;1. Remembering the de nitions ¢f and
S. the last conditions produce the four inequalities

(66) JAlL+ Agj+ Ao+ Al 6 1, ] A+ A+ Agp+ Axgi6 1,
JA2+ A+ JAoa+ A3 6 0; ] Aprt At ] Apit+ Axg 6 0

The third and the last bounds x the equalitig, = Az, Aor = Ao,
A1 = Az and Ay; = Apz making the positivity condition as simple as
JAui + jAxj 6 1. The extremals of this set of matrixes, namely Exfl,
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are the four maps

E; 0 i E X Ei =

(67) 0 ; ; c= =

1 1 1 1 2
2 2 2 2

According to Propositiofi 3.3 the extremals in the equivededasses)’,

a® andal” follows from the application oAut(S) to the matrixes in Eq.
(B7). The result are exactly the sixteen maps associatéugbtsixteen pure
stated I by the cone isomorphis®,?' T.,.

Finally we consider the Bloch representatives of the datastic trans-
formations ine, whose last row is(e) = [0; 0; 1]. A simple calculus, similar
to the previous one, shows that Exjrére exactly the eight automorphisms
Aut(S) = fD gassociated by the cone isomorphiSn? ' T. to the eight

pure states

Nl
N

5.5. Impossibility of teleportation. It is well known that the Popescu-
Rohrlich model exhibits stronger nonlocality than Quantethanics. For
this reason one may argue that teleportation should be\adiiee However,
this is not the case, as we will see in the following. Considerexample
the preparationally faithful state®® = and the bilinear fornf such that

(68) (Fizs] )12] )3a= ] )ia

for some 2 (0;1]. In order to satisfy Eq[($8) the matrkx, which repre-
sentsF in our Bloch basis, must be proportional to*, namely

(69) FAdr 1) (i ) (2 ) (2 )+ (s I

It is easy to verify thaF is not a genuine bipartite @ct. In fact, while the
application ofF to separable states always gives positive result

(70) F(; )>0 8!, 28S;

exploring the application df to bipartite states, we nd

(71)

F( o001/  ooa(lisl)  o001(l1i12)  ooa(lzile)  oor(l2;12)+ ooa(lsils) = 1

This shows that Postulate FAITHE is not satis ed in this mloaled, ac-
cording to Corollanf 4]1, teleportation cannot be achieivethe extended
Popescu-Rohrlich probabilistic theory.

Observation 5.1. Notice that according to Propositign 4.2 the Popescu-
Rohrlich theory does not admit a super-faithful state, Whinstead, would
achieve probabilistic teleportation.
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5.6. A theory without puri cation. Another fundamental quantum fea-
ture, the puri ability of all states, is not satis ed by thepescu-Rohrlich
model, namely Postulate PURIFY does not hold. In fact thg poke bi-
partite states, apart from the sixteen factorized dnes ! , are the eight
maximally correlated states in Eq[_|50) which are all puations of the
maximally chaotic state

(72) (;e)= (g)= 8;; =01

In conclusion there are too few pure bipartite states wiipeet to the in-
nite mixed states to be puri ed (the internal points of thguareS). This
will not be the case in the following class of models.

6. Toy-theory 2: the two-clock world

The Two-clock probabilistic models havelack as local system, namely
a system with convex set of states which is the @&kMany theories with
such a local convex set of states set can be generated: hengagtgate
their properties as probabilistic theories.

6.1. The self-dual local system.We can consider the model self-dual at
the local system level. Therefore, in the usual representathe cones of
states and eects coincide

(73) n 0 n 0
S,= 1(1)j¥+y*672,2>0; E.= (@|jx¥+y 67 2>0;

namely the theory is (pointedly) self-dual at a single sysievel if we em-
bed both cones in the same Euclidean sgiRiceAs usual, the deterministic
e ect in our canonical basis is given by the vect@®) = [0;0; 1]. The set
of statesS  B?is the basis of the core, atz= 1, whereas the convex set
of e ectsE is the set of points of the cor& satisfyinge a2 E., namely
(74 n 0 n 0
S=1(1)jx®+y?*=1; E= @jx¥+y6mnZ @1 23;z2[0;1] :
Therefore, the convex set of ectsk is made of two truncated cones of
height% glued together at the basis, as in the left F[g. 6, with the two
vertices given by the null and the deterministiceet.

6.2. The faithful state choice. Di erently from the two-box world, the
model doesn't provide the joint states, which we will now stact. Al-
though the local cones do not identify uniquely the biparsystem, its
structure will be tightly connected to the local one, if thedsl has a faith-
ful state. In fact a faithful state must provide the autonnsmS. ' E.
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Figure 6. Left gure: the disk at the top represents the set
of statesS. The transparent cone represents the c@es
andE,. The solid inside the transparent cone represents the
convex set of eectskE which is theE,-truncation given by

the conditiona 6 e where a is a generic ect and e is the
deterministic oneRight gure: the same asintheleft gure

in the non self-dual case.

between the local cones of states an@é@s, thus narrowing the possible
choices for the faithful state itself. Let's introduce thpdntite functional

X
(75) (& b) = i@ i(b):

i
One can check that it is positive over the cone oées, but also over its
linear span. can be taken as a pure preparationally faithful state. khdee
gets the cone-isomorphisg, ' E., via the map

(76) la= (&)=a

in agreement with self-duality. Notice that, similarly teetPopescu-Rohrlich
model, the deterministic ect corresponds to the state= (g, ) = s at
the center o5 .

In the two-box world we have generat&d from the given con& . (AA)
using the isomorphisr®.(AA) ' T.(A) induced by the preparationally
faithful state of the theory. Here we choose the cone of miays$ransfor-
mationsT. and use isomorphism induced byto deduce the cone of bi-
partite state$ . (AA). The explicitisomorphism is that of Eq._(63), namely
A = ' 1 Now each bipartite state has the same representative ma-
trix of the corresponding transplgsed transformation tmaun terms of
the canonical basis one has i i, thatis = l3. Thus the
isomorphism simply reads

(77) = Al
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6.3. Physical transformations. We are left with the problem of searching
among the positive maps, which are also two-positive: thvatiebe the
physical maps of our model. The extremal transformatiorays(T.) are
the maps sending Ex8( into an elliptical conic oErays(S.),8, which we
will call elliptical-maps There exist three dierent kinds of elliptical-maps
corresponding to the three dirent elliptical conics:

a. Circular-maps.In these case the map sends Exti§) into a circle
(which is a particular ellipse) and thé&hinto a disk.

b. Degenerate-map®n elliptical conic is said to be degenerate when
the intersection between the cone and the plane is a lineglgahe
plane is tangent to the cone. In these case theAnaends Exti$)
into an extremal ray 0% ..

c. Strictly elliptical-mapsin these case Ext®) is mapped into a true
ellipse.

First notice that it isAut(S) = O(2), namely the local automorphisms of
the model are the rotatidR around the cone axis plus the re ectioBs
through the axis at. The elliptical-maps correspond to the transformations
R A RS A S'R A S'andS A R 'where

A isthe transformation having the following Bloch represgine

PRI
(78) A =R 0 2 1 0 # 2 51
@) 0

For example the maps correspondingto A S 'are

(79)
SAS'=
cosZcosZ+p 1sin2 sin2 cos 2 sin2 2 1sin2cos2 (1 )cos2
sin2 cos?2 2 1cos2sin2 sin2 sin2 + lcos2cos2 (1 )sin2
(1 )cos2 ('1] ).sin2

|

. .- 1.1 .

3 2(05 ]l 2 §11 H

while the other three combinationR, A RLYR A S 'and
S A R ' areexactly the same a part from signs. Cledihgys(T.) is
made of all the maps proportional to the above ones. Accgrdithe value
of the parameter it is possible to identify the following three derent
kinds of maps.

a. For = 1 we achieve the circular-maps. It is easy to check that
these maps are exactly the rotations and the re ectionsehathe local

8A conic section (or just a conic) is a curve obtained by irdeting a cone (more
precisely a circular conical surface) with a plane.
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automorphisms of the mod@lut(S). Accordingly, the last row of their
Bloch representatives is the deterministi@et (e) = [0;0; 1].

b. For = 1=2 we achieve the degenerate-maps. Denoting byvith

2 (0; 2 ], the extremal eects lying on the circle a= 1=2 in the left Fig.
6, these maps are exactly Exr) for 2 (0;2 ]. Consider for example the
e ectag having representative(ay) = (1=2;0; 1=2). According to Bloch
representation, the extremal map in Eq. (78) (for 1=2) has e ectag. All
the extremal maps having this ect, namely Extidy), are achieved from
the previous one by applyingut(S) on the left. From Proposition 3.3 we
know thatfExtr(a ); 2 (0;2 ]g= Extr(ag) Aut(S), namely all maps are
obtained by applying automorphisms on the right of the magsxir(@y).

c. For 2 (1=2;1) we get the strictly elliptical-maps. These transforma-
tions belong to the non extremal ects (equivalence classes) whose Bloch
representatives are the vectors [()) cos; (1 )sin; ],for 2 (1=2;1)
and 2 (0;2 ]. According to Observation 3.1 in this model, as in Quan-
tum Mechanics, there exist extremal transformations lgpaon extremal
e ects.

6.4. The bipartite cone of states. We know that the isomorphisiin, (A) '

S+ (AA) induced by the chosen faithful state leads to the refain EQ.
(77) between bipartite states and physical transformstidimen the same
matrixes representing the extremalm&s A R 'S A S 'R

A S 'andS A R 'representall the pure bipartite states too (apart
from normalization). For completeness we report explicile matrices
represetnting the normalized states associated to thefdraretionsS

A S

S S A) - SASH (SASH

(ga S) ©® (@ s)

(80) 0S2 cos2 + ?sz sin2 sin2 cos?2 bcos2 sin2 & Jcos2
0s2sin2 -21sin2cos2 sin2sin2 +-2Ltcos2cos2 &2sin2
@ Jcos2 L J)sjn2 1
h
, 2001, 2 51

Notice that the states associated to the degenerate-mapbhgeéactorized
bipartite pure stategiven byl(! ) (! ), 8! ;! 2 Extr(S). The states

corresponding to the circular and strictly elliptical-nsagre thenon-local
bipartite pure stateof the model. In particular, as will be investigated
in a forthcoming publication, the states associated tol lagseomorphisms
Aut(S) achieve the Cirel'son bound (see Ref. [11]) of the mddel.

%The Cirel' on bound of the two-clock model is the same of theaQum Mechanics
one, namely 2 2.
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6.5. Puri ability at the single system level. Di erently from the Popescu-
Rohrlich probabilistic model the two-clock world satis éostulate PU-
RIFY at the single system level as stated in the followingo@sation.

Proposition 6.1. In the two-clock model with the conds and S.(AA)
respectively introduced in Subsecs. 6.3 and 6.4, any moeal tate has
puri cation unique up to local automorphisms on the punifgisystem.

Proof. Notice that in Bloch representation the marginalizatiorttepuri-

fying system of a bipartite state is simply the last columit®fepresenta-
tive matrix. Consider then the pure bipartite states in Bf).( By taking

the marginal over the purifying system (the second one) wehgeset of
local st%tes

g L )cos h i%
8) 3 9 @=8sin § 2021 231 ézs;

1 )
which coincide with the whole set of stat8s proving puri abilility of the
model. The uniqueness up to local automorphisms is easilyede In
fact, rst notice thatif isa puricationof! ,i.e. (;e€)="!,thenalsothe
states{ R ) and( S ) are puri cations of! , because the last
column of their representative matrixes is the same of tlseone. Then,
suppose that there exists another puri catiorl ef-say %— which is not
connected to by a local automorphism acting on the second system. But,
according to the pure bipartite states introduced in Sub&dG there exist
D1;D, 2 Aut(S) such that °= (D, D,) andthen °= (1  D,D;"
which contradicts the hypothesis.

6.6. Exploring teleportation and puri ability. The probabilistic model
introduced in this section does not allow teleportatiorgduse the inverse
of the preparationally faithfull state is not a true bip@rte ect. In fact
consideringthe state= (I R )2S.(AA)weget I( )= 1, which
is negative. More precisely we get

(82) )yeo 8= (1 R) with 2[5=67=6]

Thus Postulate FAITHE does not hold in this model and acogrth Corol-
lary 4.1 teleportation is not achievable. A good questidmow the sefl .,
and thenS. (AA), has to be restricted in order to achieve a theory which
allows teleportation preserving the puri ability of theery. Indeed, re-
ducing the set of physical transformations we also redg@A) and, by
duality, the set of bipartite eectsE. (AA) grows.

Observation 6.1. One may try to get a theory with teleportation excluding
some automorphisms from Indeed excluding rotations i@(2), the states
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in Eg. (82) are no longer states of the theory and* would be a true
e ect. On the other hand we cannot take re ections as the onissighl
automorphisms becau3es closed under combination and all rotations are
achievable by composing two re ections. We could eventuatiuce the set
of physical automorphisms 80(2) but obviously teleportation would be
still impossible.

Observation 6.2.As in the two-box world Proposition 4.2 ensures that also
the two-clock wold does not admitsaper-faithfulstate.

In the following we will us the abbreviatiopuri ability of states to ex-
press the existence of puri cation of states, also uniqugyto reversible
channels on the purifying system.

From the impossibility of achieving teleportation in theepent model
follows an interesting property of the probabilistic thiesrin general.

Proposition 6.2. In a probabilistic theory, puri ability of single-system
states does not imply puri ability at higher multipartitevels of the the-
ory.

Proof. The proof of this statement is simply the counterexamplemivy

the two-clock model constructed in this Section. In factrirBroposition
6.1 we know that the model allows a puri cation for every nixecal state,
unique up to reversible channel on the purifying system.s théans that
uniqueness of puri cation holds at the single-system lev@h the other
hand, according to Proposition 4.3, the same property #talnultipartite

levels of the theory should imply the possibility of achisyiprobabilistic
teleportation, which has been already excluded.

6.7. A global feature from the local system structure. Here we observe a
global feature of the two-clock probabilistic theoriessarg from the shape
of the local cones.

Proposition 6.3. It is impossible to construct a probabilistic theory having
a disk as local set of states and a self-dual bipartite systetime same time.

Proof. The model constructed in this Section is self-dual at thgleisys-
tem level as geometrically represented in the left Fig. 6nfthe local self-
duality it follows that the bipartite system is self-dualdorrespondence of
its “local component”, namely the factorized bipartitetetd ; ! ,, with
I1;1,28S, are proportional to bipartite @cts &y a, with! ; = (a3 )
and! , = (ap; )). On the other hand the bipartite system is not self-dual
because of its “non-local componerﬁ”. Indeed not all theatife states
associated, by the faithful state= i3:1 i i, to the local automor-
phismsAut(S) are proportional to bipartite ects. Regarding the states
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=l R ) as bipartite functionals ove& (AA) we get, for example,

2 () <0,namely , is not proportional to a bipartite ect.

The only way to make the bipartite states associated by ttidifbstate
to the local automorphismaut(S) proportional to bipartite eects is to
modify the faithful state of the theory. To achieve this gibal faithful state
mustbe %= #3( 1 1+ 2 2)+ 3 3. Weknow that the faithful state in-
duces also the isomorphisnf(a; ) = ! , between the local cones of ects
and states. Dierently from the old faithful state, the new one squeezes
the local cone of states with respect to the cone adats, as showed in
the right Fig. 6, destroying the local self-duality of the aed Naturally
a model without local self-duality cannot be seldual at thpatiite system
level because of its factorized component.

7. An hidden quantum model for the twalock world : the rebit

In the class of probabilistic theories having a disk as |lecaivex set of
states a special case is that of drgiatorial qubit In fact, the convex set of
gubitstates is the 3-dimensional ball knownBisch sphereand the clock
corresponds to the qubit in the equatorial plane. This mmdalso called
rebit, where “re” stays for real, and corresponds to Quantum Mackan
a two-dimensional real Hilbert space. The peculiarity & tbbit model is
that it violatedocal observability

7.1. Local states and e ects. Consider as usual the canonical basssflig
and =f jgwithi = 1;2; 3 for Ex andSr embedded int&R® as Euclidean
spaces. Inspired by the well known qubit model, upon de riimgoperator
vector =[ ; x 1], andintroducing the canonical orthonormal bdsig
for R3, we de ne the following bijective map

3 ()= +&r ;
(83) T2R*$ () 2Her(R?; 3 2 _
SR E %Tr[A 1 u

whereu is the vector having th&2 basis vector§u;gas components. We
get the pairing relatiof}

(84) N =Tl () (9, TIAB= *A) (B

The symbol denotes a “scalar product” between elementslén(R?) as
de ned in the last equation, and it is easy to verify thdt) (s)=r s
8r; s 2 R3. In terms of the canonical basis one has

(85) W= W= (D=4 ;D=3 ")

T P
Yonehas: YA YB)=3iTMA ] TB ]=Ti(A B3I ; i =TrAB]
Tr[(A B) y ] =Tr[AB], where we have subtracted the component concernjng
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Specializing the map to states andeets of a clock we have the states
and e ects of the rebit (the hidden quantum model)
(86) o_
12S; =4 (I()2StR?); a2E A= 2 ( (&) 2Lin(R;

with Born rule

(87) TAl= (t) (@) &)

St(R?) denoting the set of symmetric real matrices with unit tradetice
thatitis = # 1+i(') ,wherel(!)is theBloch vectomrepresenting
the pointin the disk of stat€s. The extension of the map to tensor product
is given by the “commutation rule” =, namely

(88) r 9= @0 (3 YA B= '(» B):

In the following we will use the abbreviate notatiorf! ) := (I(! )) for
statesand (a) := ( (a)) fore ects.

7.2. The bipartite system: states and transformations.The faithful state
is the bipartite functional suchthat (l;;1;) = i;, whence the correspond-
ing operator is given by

33
(89) % ():% () (i):%(l (e xt 2 2);

i=1
which is an Hermitian (non positive) operator with unit ad\otice that
such operator diers from the quantum maximally entangled state
(90) %j”l’h” = %(I I+ xt oy yt =z 2

by the termf , , < Lin(R?) Lin(R?. Theterm , , 2 Lin(R%)
corresponds to the null linear formoverR® RS2 given by

(91) R=T, , (R]I=0; 8R2R* R®:
Notice that the transposition acts as the identity map oy8#), since trans-
position leaves ,, ,andl invariant, whence [ (a)'] =1 (). Using

this identity one can also see that the maximally entangkete $s another
equivalent representation of the faithful statesince8r; s 2 R® one has
(92)

st (@) (Ol =3T (@) (bB)1= @ ()= (ab);

(transposition works as the identity oveg, ,andl).
Let's now represent maps in the hidden quantum model. A gebgrar-
tite state is representet):l( as

(93) = i = sl

i
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and the local action of the transformatidnis given by
(A I ) (Ii;lj): (|| A;|j)= A (lk;|j)=

k

(94) X
A m aDC ) w)=3T A2 ()0l
nkim
where X X
(95) (A ) = % Ank n ks ( ) = :‘2L Im 1 ms
nk Im
and
(96) A? B=Tr[(A D({ B)]:

The algebra of transformations allows a representatiorpasator algebra
over Her(R?) and denoting byA (A) and| the operators corresponding
respectively t)A (A 9 andl one has

@) A 1) (51 =3TdA1 ) () =37 (HACYH I
whence

98) (A 1)]l= A)? ()=(A1) ()= ()AIT)

Now we have to choose the physical transformations of theeidd the
previous two clocks modelS was a 2-dimensional convex set. Then was
dim(Sgr) = 3 and dim{r) = 9. The sefl; for the qubit model is the linear
Span of the quantum operations  j, fori; j = 1;2; 3;4 and then

(99) Tpa=SpanfAi;; A Asg Ags Az Atz Azg 0A 14 Asg; Asag
where
(100) At = L) L 8! 28S:

Notice that dim{g) = 10", Here we are considering the equatorial qubit
(rebit) and the spacEg  Lin(Egr) = Lin(R®) of linear maps oveR® can be
obtained from the one in Eq. (99) as follot&'s
(101)

Tr=Span A1, Az Asgi Aus < A< A< Apgi=A 14 =Ans =Agy

with Aj; as in Eq. (100).
We know that the automorphisms of the convex set of statase given
by the rotation®R ; 2 [0;2 ) along with the re ectionsS ; 2 [0; )

UThe qubit model is based on the 2-dimensional Hilbert spa@nd dimS) = 4
whereS = S(H) is the states space. According to the Choi-Jamiolkowsknisrphism,
in the 16-dimensional linear spata(H H) we take only the operator corresponding
to completely positive maps and we get dTrﬁ][ = 10 (the only Hermitian matrices are
allowed).

The symbols< and= stay respectively for Real and Imaginary part.
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through the axis at. Therefore isAut(S) = O(2). Taking the physical
maps as in Eg. (101) we get all rotations and re ections of disk of
states. In fact the quantum operations achieve the autdnsong of the
gubit system namely the rotations®®(3). On the other hand the rotations
of a sphere include not only the rotations of its equatorigk @ut also its
re ections.

7.3. Ghosts. As already mentioned the set of transformations in the midde
guantum model should have dimension 10 from the qubit quamtpera-
tions. On the other hand not all the matrices representm@@independent
guantum operations are linearly independent when apphi¢ket rebit. In
fact the completely positive maps

(102) x xt 2z 2 11 v v

are not distinguishable by their local action over a rebis o&an be easily
veri ed, the matrixes representing the quantum operationgq. (102),
which are locally distinguishable on a qubit, become theesarhen we
take the “Quantum Mechanics of real matrixes”. Clearly, dgniti ca-
tion of locally indistinguishable transformations (nagn&king the space
of transformations having dimension 9), the local obseitiglprinciple is
satis ed. This is not the case if the space of transformatisiin dimension
10. In fact in that case there exists two transformationstiyuishable by
local tests but discriminable by bipartite measurements.

7.4. Bipartite e ects and teleportation. In Eq. (84) we have de ned the
product (r) (s):=Tr[ (r) (9)], 8r;s 2R3, from which the local states
e ects pairingrelation (! ) (a) (&;!). We can coherently extend the
product as follows

X
(103) R} (=% T R? ()i | B8RS2R R}
i
to represent the pairing relation between bipartite statelse ects as
(104) B ()=(@E )

Proposition 7.1. The rebit model does not allow probabilistic teleportation
nor a superfaithful state.

Proof. Let's rst take the generalized esct corresponding to the inverse
matrix of ,i.e. which would achieve teleportation, and let see if it is a true
e ect. The matrix multiplication between two (considering' as a map)
must be as follows

(105) =T D? ()l
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and takingF = 1 we get
(106) F:)=(5%)= (YH ()=38;

whence = 1=3, and one would have probability of successful teleparntati
(107)
Flo@=F 9t )= TICCH HDC) (M=%

On the other han& is not a true eect. Consider the state given by

(108) = (Ag 1) = MCa ) (a1 )

where 4, 4is acompletely positive map and then a physical transforma-
tion. Explicitly is

3 ()=3 Aw)? ()=3(a1) ()Nal)

:%(I | X X z z):
ConsideringE ; ),
(110) F:)=(F) ()=5CH ()=1

we nd a negative value meaning th&t is not a bipartite eect. Postulate
FAITHE is not satis ed and according to Corollary 4.1 telgjadion is not
achievable. Moreover, from Proposition 4.2, the rebit pimlistic theory
does not allow a super-faithful state.

(109)

Wl

7.5. Puri ability. It is well known that the Quantum Meechanics of real
matrices sati%gs Postulate PURIFY. For each local state) = | =
(1+1(') )= 2 ofthe rebit system, we nd a pure bipartite state =i
which puri es it.

The bipartite state ( ) corresponding tp | *2i is given by the relation

h [
(111) % () =j Fth P with Trp j  Fith o=

All the puri cations of a state are connected by local autophisms on
the purifying system, that iggj, (I D)j )=j")1 8D 2 Aut(S), orin
guantum notation,

h L
(112) Tp (I D )j , Fith %1 D) = ,:

In the last equation we have used the relafiod = | .

We have already shown that FAITHE is not satis ed. Therefdrem
Proposition 4.3, the uniqueness of puri cation, up to reuae channels, at
all the multipartite levels, is not satis ed.
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8. Toy-theory 3: the two-Spinfactor world

The convex set of states of the clock is the dsk= B2 while for the
qubit one has = B3. Therefore it seems interesting to investigate proba-
bilistic theories withS = B". The local system of these theories is denoted
(n)spin-factor. Naturally, as noticed for the clocks world, many probabili
tic theories may have the samggpin-factor as local system.

8.1. The self-dual(n)spin-factor, its states and e ects. Consider the self-
dual ()spin-factor and denote as usual by fligand =f ;g withi;j =

e ects coincide, whence

(113) p 0 n 0
Sy= ()% +14%6 K, E= @1K++%6%,

Naturally the set of states is the section of the cong,at = 1, while its

truncation, from the order relation®a 6 e, gives the set of eects
0

n
S=101)je+:::+x2 .

(114) at 0% %6 L 0
E= @] X+::+x6min 21 Xw1)® ; X1 2[0;1] :
8.2. Wath is special about the(3)spin-factor? As for the clocks—the
(2)spin-factors—the probabilistic theory is de ned ontyfze single-system
level. Therefore we need to extend the theory at the bipdgitel. We do
this by assuming a faithful state that is time-()-dimensional generalization
of the one given in Eq. (75), namely the bipartite functional

X1
(115) = i i

i=1
Such state, being represented by the identical matrix 1,.,, realizes
the cone-isomorphisr8, ' E, viathe map! , .= (&) = a. Inour
probabilistic framework, from the isomorphisgi (AA) ' T. given by

(116) =0 A) ) =Aj

the cone of bipartite states.(AA) can be generated from the s&t of
two-positive maps (the physical transformations of our gtpdvhile the
bipartite set of eectsE. (AA) follows by duality fromS . (AA).

The analysis of the spin-factors probabilistic world isrertely technical
and in this section we only give an interesting result. Firdtce that for an
(n)spin-factor isAut(S) = O(n). Therefore the following proposition holds

Proposition 8.1. Consider a probabilistic theory having gn)spin-factor
as local system witAut(S) 2 T. Then, for each n, Postulate FAITHE is not
satis ed.
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Proof. If the whole setAut(S) = O(n) is physical it is always possible to

nd a bipartite state 2 S(AA) such thatF( ) < 0, whereF = 1

is the bﬁpartlte functional |nvert|ng the faithful state(from Eqg. (115) is
™, liand ! = ly4). In fact, consider the automorphism

D 2 O(n) reversing the direction of every vector. The{ 1) (n+ 1)

matrix D representln@ in our basis is the diagonal matrix withy; = 1

f0|5| = 1;:::;nandDpepner = 1. Therefore the state= (I D) =
(i I)+ 1 1 @chieves
X
(117) F( ): |i( j) Ii( j)+|n+1( n+1) In+1( n+1)< 0 8n>2

i;j=1
In general the automorphisih is a combination of re ections and rotations
and it is not the only combination achieving a statevith F( ) < 0.

In regard of the closure of under composition of transformations, it
is possible to reduce the set of physical automorphisms f@gn) to its
subgroupSO(n), that is the component connected to the identical transfor
mation. On the other hand the following proposition holds:

Proposition 8.2. Consider a probabilistic theory having as local system an
(n)spin-factor with physical automorphisms given by the gr8@gn). For
each n, 3FAITHE is still violated.

Proof. It is easy to see that
(118) 8n, 3 9D 2 SO(n) such that (Fj (I D)j )<0;

and then8n , 3 Postulate FAITHE fails. For evem > 2 the situation
is the same of Proposition 8.1 because the automorpbis®eversing the
direction of every vector is a rotation (around no &}isFor oddn, in order
to achieve a suchthat-( ) <0, itis su cient to take the automorphism
D corresponding to the rotation of thredimensional ball around thie-
th axis. The representative bf is the diagonal matrix witlb; = 1 for
i -—Pl """ ;n landD,, = Dy+1+1 = 1. Thereforethestate= (I D) =
,”11( i )t n nt m1 maachieves( )< 0foreach odah > 5.
The last two Propositions show that, among the probaluliteories
having as local system am)épin-factor withSO(n) as group of physi-
cal automorphisms, it is possible to satisfy Postulate F&Ti n = 3.
Therefore, according to Corollary 4.1 and Proposition él8gortation and
uniqueness (modulo local automorphisms) of puri catioraktevels can
be satis ed. This is not surprising because theit is exactly the hidden
guantum model (in the sense of Sec. 7) of the (3)spin-factbabilistic
theory havingSO(3) as physical automorphisms.

Bror example a-rotation of a disk i = 2) is not around an axis of the disk.



TESTING AXIOMS FOR QUANTUM MECHANICS ON TOY-THEORIES 42

9. Toy-theory 4: the classical world

A probabilistic theory is said to be classicalits local set of stateS is
asimplex Including these theories in our probabilistic frameworl gan
easily show how some fundamental features of the clasgieakies arise
from the simplex nature o6. Di erently from the previous models the
classical ones can be easily investigated on a generic dioren

9.1. Probability simplex representation. Consider a simplex set of states
S with dim(S) = n and denote as usual dy= fligand = f ;g with
i;j=1;:::;n+ 1, the canonical basis f&g andEg as the same Euclidean
spaceR™!. The usual Bloch representation—in which the deterministi
e ect corresponds to the vectofe) = [0;:::;0;1] 2 R™1—here becomes
not convenient. A more convenient representation of th@l&rs is the
so calledprobability simplex namely then-dimensional polyhedra whose
(n + 1) vertices correspond to the canonical base vedtegs* Naturally
the cone of stateS . is theR™! positive orthant

(119) n 0 n 0
S,=RM™=1)2R™jI(') 0; S=1I)2R™jI(1) 1=1;

where the symbol denotes componentwise inequaltgndl denotes the
vector [1:::;1] 2 R™1. In this representation the system is pointedly self-
dual and the cone and set ofexts are respectively

(120) 0 n 0
E.=R™'= @2R"'j (@ 0; E= (@2R™j0 (@ 1:

The deterministic eecte, which must satisfy the condition(e) = 18! 2
S, and then ;(e) = 1 8i, is now represented by the vectde) = 1 2 R™?,

To clarify the situation we give a concrete representatibthe classi-
cal theory with dim§) = 2. The simplex in dimension 2 is a triangle and
the corresponding system is called , a generalization of thbit having
a segment as simplex of states. In the left Fig. 7 we show tblegnilis-
tic simplex representation of the trit system according ¢3.E(119) and
(120). For completeness in Fig. 7 the usual Bloch repretentaf the
same system is also reported.

9.2. Simplex structure consequencesThe rst consequence of the sim-
plex nature ofS is expressed in the following proposition.

Proposition 9.1. A probabilistic theory has a simplex as local convex set of
states if and only if the bipartite set of states is a simpbex t

14pj erently from the probabilistic models analysed until noeréhthe base vectors
f g 2SRk are true states of the classical theory.
15Componentwise or vector inequalityR: w  vmeansw; > v; fori=1;:::;n.
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Figure 7. Left gure: Probabilistic simplex representation
of the trit system. The triangle inside the cube represérets t
simplex of statesS while the transparent cube i Both

the conesS. andE, coincide withR3.Right gure: Bloch
representation of the same trit system. The transparemet con
represent botls . andE.. The triangle at the top is the sim-
plex of statesS while the convex of eectsE is the inside
solid cube.

Proof. LetS be am-dimensional simplex. We can denotelby,! 5;:::;! he1

that

(121) all )= i
are vertices oE. Notice that in the probability simplex representation the
vertices Extr§) = f! 4;! 5;:::;! ,+ 1lgcoincide with the orthonormal basis

f igfor Sg. The cone of physical transformatioiis (dim(T.) = (n +
1)?) for a classical theory is the cone of positive maps, nanmadyrhaps
preserving the local cone of stat8s. Then a mapA 2 T. if and only

if Al 2S, 8! 2Extr(S), or, in the probabilistic simplex representation,
A 2 S, 8 ;. Beingf ;gthe canonical base, it follows th@t, includes
all the transformations represented bynat(1) (n+ 1) matrix with all
non negative elements. Then in the probabilistic simplgtagentation
the extremal ray&rays(T.) are generated by the ¢ 1)> matrices having
an entry equal to one and all the other entries equal to zer@a deneric
representation these rays are the transformations

(122) Ly g 8i;j=1,:::;n+1,8 >0:

where is a multiplicative constant spanning the whole ray germerdty
the transformationh ; a;. These maps send the convex Seinto an ex-
tremal ray ofS .. The preparationally faithful state of the theoryprovides



TESTING AXIOMS FOR QUANTUM MECHANICS ON TOY-THEORIES 44

the isomorphismg&. ' S, ( (;a)="!;)andT, "' S.(AA). Remember-
ing that a cone isomorphism preserve the cone structune, tihe i + 1)
extremal rays oT , in Eqg. (122) we get the following+ 1)? extremal rays
of S (AA)

(123) Py by 8i;j=1,:::;n+1;, >0:

Then the only bipartite pure states of the theory are the 1)? factorized
states ; ! ;. In conclusion the bipartite set of states ism<(1)* 1)-
dimensional convex set having € 1)? vertices, which is a simplex.

The opposite implication, i (AA) is a simplex ther is a simplex too,
is trivial. Consider for example ax{ 1)-dimensional bipartite simplex,
thenS (AA) has onlyn? pure states. Naturall$ cannot admit more than the
n vertices generating th# pure bipartite ones. Therefo®is a simplex.

This proposition has some interesting corollaries whiabwsthe pecu-
liarity of the classical theories with respect to the otheatyabilistic theo-
ries.

Corollary 9.1. The classical probabilistic theories are local.

Proof. A theory is said to be local if and only if it does not violateeth
CHSH inequality. The last proposition shows that if the lesz=t of states

is a simplex then also the bipartite one is a simplex and itSces are

factorized states. Then all the bipartite states are faetdprobability rules

which do not allow violations of the CHSH inequality.

In the following corollary we give a property of the set of ddautomor-
phisms for a classical probabilistic theory. The set of mdgphismAut(S)
of ann-dimensional simplex is theermutation grous,.1, which contains

Corollary 9.2. The local automorphisms of a classical probabilistic theor
cannot be extremal transformations.

Proof. A general element oAut(S) = S,.; can be identi ed by a set of
indexes
(124) J="1jy 0 10

representing a permutation of the $&t:::;n+ 1g The automorphism
associated to such permutation is the map
X

(125) Piooag

i=1;:n+1
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which is manifestly a convex combination of the extremahsfarmations
l';, & givenin Eq. (123) of Proposition 9.

Corollary 9.3. The classical probabilistic theories do not satisfy Postes
PFAITH and PURIFY.

Proof. Notice that the identical transformation is a particular permuta-
tionl 2 S, and then a local automorphism of the classical theory. Ac-
cording to Corollary 9.2 the identical transformation canine atomic. On

the other hand we know from Subsec. 4.1 that Postulate PFAfipties

the atomicity ofi , whence it cannot be satis ed. For the same reason also
Postulate PURIFY does not hold. In fact, according to Lemmtigplies
atomicity of the identical transformation.

It is not surprising that PFAITH fails. It assumes the existeof a pure
preparationally faithful state. On the other hand, as sldoimeProposi-
tion 9.1, the only pure bipartite states for a classical pholstic theory
are the factorized ones. These states obviously do notwecttie isomor-
phismS. ' E, and then they are not preparationally faithful. Therefare,
preparationally faithful state cannot be pure and PFAITIl$ félso the im-
possibility of purifying a classical theory is almost obuf) since there are
not enough bipartite pure states to purify the continuousiteinal points
of the n-dimensional simpleXs. Precisely, being the only bipartite pure
states ther(+ 1)? factorization of therf+ 1) pure states d8, no mixed state
admits puri cation. A similar problem is stered by the extended Popescu-
Rohrlich model ( see Subsec. 5.6) where no mixed std#e apart from its
center , allows puri cation.
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