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FOREWORD

This is the first book produced as output of one of the activities
promoted by the Institute for Scientific Interchange I.5.I. in Torino,
Italy. The LS.I. is an institution, supported primarily by the Regional
Government of Piedmont, devoted to the encouragement, support and
patronage of science, in the broadest, indifferentiated sense of the word.
It is meant to provide the scientific community both a direct intellectual
support and a source and reservoir of high quality forces through the
promotion of interchange activities at different levels, bridging those gaps
which are unavoidable in the traditional modalities of the international
seientific cooperation.

Its primary purpose is to bring together a small number of scholars,
working on a variety of related problems, so as to provide the visit-
ing members with an exacting ambient where they could feel however
their own intellectual development and growth as one of the principal
purposes, and the local community with an accessible environment as
lively and stimulating as rich and fertile, comparable with the most
advanced similar institutions in the world.

The inevitable (and desiderable) limitation on the size of the in-
stitution programs naturally promotes the tendency to focus, with spe-
cial emphasis, on disciplines and topics which have in the Region and
the City some confirmed tradition of fruitful activity. The scientific
programs are designed to have as one common characteristic continuity
in time, attendance and disciplines, and are based on the presence in
Torino of distinguished scientists, visiting for variable periods of time,
to give sets of lectures, conduct seminars and lead research projects.

Together with them a group of scientists active in the same field,
desirably young promising researchers, take part in the seminars, both
providing an active audience and acting as the medium of a proficuous
interaction between the scholars and the whole scientific community.

M. Rasetti
T. Regge



[NTRODUCTION

The number of exactly solved models in the Statistical Mechanics of
classical two-dimensional systems has grown to be relatively large. The
field has had its successes uniformly distributed in the period between
1944, when Lars Onsager so ingeniously solved the two-dimensional Ising
model, and 1980 when Rodney Baxter produced the solution of the hard
hexagon model. In between ice-type models, vertex models and some re-
lated models, such as the Ashkin-Teller, Potts or the hard square models,
were either solved, or partially dealt with, very often by not so different
techniques. Thus recently, the attention of mathematical physicists has
been focused more and more on the connection between the different
methods of solution, in the effort to understand the relevant underly-
ing structure and to try to extend it eventually to higher dimensional
systems. Also the equivalence of several of such classical models with
quantum ones, living in one-dimensional space, has played a relevant
role, raising the hope to find in the methods characteristic of quantum
mechanics and field theory a way out of the often formidable difficulties.

Finally the exact solvability has been related, or — better — people
have tried very hard to connect it, with integrability in the customary
sense of mechanics; namely with the existence, in the thermodynamic
limit, of infinitely many conserved quantities. In ihe latter context,
new dinamical features such as the existence of soliton-type solutions
have entered the picture. Conventionally, one talks about exactly solved
model whenever some physically significant quantity, such as the free
energy or an order parameter or some correlation function have been
worked out analytically into a mathematically closed manageable form,
or at least their calculation has been reduced to a problem of classical
analysis - such as the evaluation of an integral or the solution of a
differential (or integral) equation etc — . There is plenty of discussions
going on about the physical relevance of such solutions, indeed of the
models themselves. Some claim that they are unphysical to the point
of being useless. Others believe that the mathematical tools one has Lo
resort to in order to find these solutions are far too complicated to justify
the effort. The fact is that on the one hand some of these problems have
induced as a feedback a wealth of good results in mathematics (such
as the theory of infinite dimensional Lie algebras, the combinatorial
topology, the theory of non-linear differential equations). On the other
hand even when not strictly corresponding to realistic systems, the exact
solution of the models has permitted to check more general theorems and
conjectures in statistical physics (such as the Lee-Yang theorem in the
theory of phase transitions for which the solution of the two-dimensional
Ising model has played a crucial role of refercnee; or the concept of



universality of the critical exponents, which has been usefully forced
by the results of Lieb and Baxter; or, yet, the famous Bethe Ansatz,
which has allowed a deeper comprehension of quantum excitations in
one dimensional systems and has lead recently to the exact solution of
the Kondo problem).

Finally both classical two dimensional and quantum one dimen-
sional systems do exist in the real world; and the agreement between the
output of the models and those of the measurements in the laboratories
is very often exceptional.

The reduction of the different methods of solution to a unique
global general method has also had unespected successes. The most
instructive instance is that of the ice model, of different ferroelectiric
models, of the discrete lattice gas or the Ising model; all included as
particular cases in the eight vertex model, defined by Fan and Wu and
solved, in its whole generality, by Baxter.

The logical steps lead from the dimer covering technique, through
the introduction of Grassmann wvariables, to the Pfaffian method, and
from the latter, by the very general procedure of the transfer matrix, to
a quantum one dimensional problem.

Thus the equilibrium configurations of classical two-dimensional
systems with nearest neighbour interactions were shown to exhibit a
stricl topological analogy with the space-time trajectories of a dynami-
cal system in one spatial dimension. It is a somewhat simple, though
surprising, extension of an idea due to C. N. Yang, exploited when he
was dealing with the thermodynamics of a one dimensional chain of
hard-core bosons, the unbelievably deep fact that the integrability of the
transfer matrix (and that of the dynamical system) is connected with the
existence of ternary relations among micro-transfer-matrices. Such rela-
tions are remarkable realizations of subgroups of the permutation group
(braids), and imply the existence of one-parameter families of mutually
commuting transfer matrices (whereby the integrability follows). Also
Yang's method foreshadows the inverse seattering technique thoroughly
developed by Faddeev, which links the symmetry conditions with those
ol periodicity, beautifully setting in operatorial form Bethe’s Ansatz. It
18 therefore in 2 way no more surprising thaf Zamolodchikov’s factoriza-
tion equations for the S-matrix, representing the conditions which are
necessary to factorize a multi-particle scattering matrix into two-particle
ones, coincide with Yang’s equations and Baxter’s "triangle” equations.

This book stems out of a set of lectures delivered in Torino (with
the exception of Zamolodchikov, who could net attend, but submitted
one of his papers, to be reprinted as his contribution to the collection)
in the spring and summer of 1984. Organized by 1.5.1. the lectures were



meant to review the state of art on the subject of integrable systems
in Statistical Mechanics, both elassical and quantum, and to give a
thorough updating on the most recent results as well as perspectives
in the field. The lectures were taped, then rewritten by the editors and
finally submitted to the authors, to whom the editors want to express
their gratitude for the careful and patient correction of the manuseript,
The accurate and beautiful typing is due to the passionate and dedicated
work of Andrea Leone to whom the editors convey their deepest thanks.
Finally, we acknowledge Csi-Piemonte for making available the TEX
system with which the typing was done.

Torino, january 1985

Giacomo D’Ariano
Arianna Montorsi
Mario Rasetta






Exactly Solved Models

in Statistical Mechanics
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INTRODUCTION

The first exact solution in statistical mechanies of one-dimensional
models was for a hard core gas (” Tonks” gas }[1]; Ising then solved in 1925
the famous "Ising” model [2]. Later on a "hard core with exponential
attraction” model (HCEA) was solved by Takahashi [3].

Unfortunately all these models have no phase transitions, according
to Van Hoove [4] theorem (1950) which says that no phase transitions can
oceour in short range one-dimensional models at a non-zero temperature,
unless the interaction involves infinitely many particles.

Hovever the "infinite dimensional” models, as the mean-field one
[5] and the Bethe one [] can be exactly solved showing phase transitions.

Here it’s useful to define the dimensionality d of a lattice as the
exponential of the power law N? describing the asymptotic growth of
the number of N-neighbours of a certain site visited in ¥ steps; the
system is infinite dimensional when the number of neighbours visited
grows faster than any d.

In the mean-field model every particle interacts equally with all the
others.

The Bethe model is defined on a lattice which is the Cayley tree
infinitely far from the boundary, in the termodynamic mit N — co. A
Cayley tree is the graph shown in fig. 1.

3

q

fig. 1

One starts with a certain site (¢) and connects it with g sites; then
each of these g sites is connected with (g — 1) sites, and so on. Such a
graph contains no circuits. The same holds for the Bethe Iattice which
is deep within the Cayley graph and can be thus thought of as a lattice
of coordination number g.



The HCEA mode] as well is an infinite dimensional model exhibiting
hase transitions, if one solves it in the limit of weak and infinitely long-
range attraction [7].

All these infinite dimensional models satisfy the scaling hypotesis

nd have classical exponents (see following).

 This is not completely true for the spherical model (solved by
Berlin and Kac in 1952 [8]), which is not infinite dimensional but involves
cssentially infinite range interactions and has phase transitions for d >
9 Jn three dimensions however the exponents are not classical, while
they are for d > 4. The two dimensional lattice models that have been
solved are few; in these lectures we’'ll discuss mainly these.

Generally they have phase transitions with exponents which are
not classical. These models are also interesting because they describe
real systems, as thin films or crystals with anisotropic interactions.

It’s worth specifying that by the phrase ezactly solved we don't
mean rigorously solved. Infact ezactly applies to the results, while rig-
orously applies to the way you get it. Exact results can be obtained by
an applied mathematician derivation which is not properly a rigorous
proof, For instance one can multiply and diagonalize infinite matrices
without demonstrating that matrix products are convergent, believing
that this is true and that the results are exactly correct.

Exact results can also be obtained by a conjecture; for example
De Gaunt in 1967 obtained by a guess the correct value of the critical
activity of a hard exagon model and this value was then verified in 1979
by Baxter [9].

In table 1 are listed the main exactly solved models in two dimen-
sions:

MODEL SOLVED
Ising Onsager, 1944
Dimers Kasteleyn and Fisher, 1961 3
B-Vertex KDP Lieb, 1967
Vertex F Lieb, 1967
8-Vertex Baxter, 1971
3 Spin Baxter and Wu, 1980
| Hard Hexagons Baxter, 1980
table 1

[10] The Ising model in two dimensions was solved by Onsager in 1944



Kasteley and Fisher solved indipendently the dimers problem in
1961 [11,12]; it then turned out to be equivalent to the Ising model. In
the dimers problem there is a lattice on which one can put dimers, i.e.
objects that cover two sites at a time (like diatomic molecules), with the
constraint that they are hard-core and so one site cannot be covered by
more than one dimer; the problem is to count how many ways there are
of covering the lattice with such dimers.

The dimer covering is an alternative appreoach to the Onsager
solution of the Ising model; the fundamental trick consists in the one
to one correspondence between the dimer covering and the elements of
the Pfaffian of an antisymmetric matrix.

The six-vertex model was solved in 1967 by Lieb [13, 14,15]. He
solved three specific cases: ice type, KDP and I' medels. The ice mode]
18 a special case of the I model.

Six-vertex model are all specific cases of the more general eight-
vertex model, solved by Baxter in 1971 [16,17]; the 8-vertex model
contains as a special case also the 3-spin model [18].

Finally a recent result is that even the hard exagon model can
be identified as an eight-vertex model; it can infact be recognized as a
six-vertex decorated model.



{. CRITICAL EXPONENTS

For all these models we calculate of course the free energy, but we
are also interested in their critical exponents (table 2) to describe their
behaviour around the critical point:

[ MODEL 3 @ 8 I 6
Ising I 0 1 1 15

| Dimers z 0 %— 1 15
6-Vertex KDP iy 1 15
B-Vertex F 0 —00 0o o0 15
8- Vertex 00— 2— % T ﬁ 15
3-Spin i B ! 5 15 |
Hard Hexagons 2n = 5 2 14

table 2

Typically in these models there are temperature (T') and field (H)
variables. The free energy is a function of them; generally one finds that
it is an analitic function of H and T except for the line T =0 and T
from zero to T, in the (T, H) plane. Really the first derivative of the
free energy has a discontinuity crossing this cut, but the very signilicant
singularity is at the critical point (H =0,T = T,).

At this purpose one may note that for example the Onsager’s
solution of the Ising model was just along the line H = 0, and that
is not too much useful beecause this line is not typical of the whole plane
at all. And infact it is not typical but it is the most interesting line one
can look at.

Anyway the two dimensional Ising model with H & 0 is still
unsolved: we know only numerically it’s behaviour off the axis and in
F?art this is due to the fact that we know the exact solution on the line

= ().

50, if one fixes = 0 and looks at the free energy f as a function
of T, f normally shows a singularity in 7' = T, which goes like a power
{2_ — ) of (T — T,); note that if o is positive then il characterizes the
divergence exponent of the specific heat (i.e. the second derivative of the
free energy)

Similmi}r} looking at the spontaneous magnetization, one gets another

-X]?Onent 2 of a function vanishing coming {rom below to Lhe critieal
Point.,
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One can also define the interfacial tension, which is the contribu-
tion to the free energy from two ordered domains in contact with one
another.

Actually the last exponent ¢ is defined just along the line T =
T,; as the magnetization is a funetion of H, so H is a function of the
magnetization.

One can test on table 1 the scaling hypotesis, which is really
built in the renormalization group theory; in two dimensions the scaling
predictions are:

20 =2—n
6 =—1+(2—a)/B

In particular for the hard exagon model p is obtained using these predic-
tions, 8o as § for almost all models.

Before going further let’s say something about what such exponents
are for these solved models (table 2).

Omnsager found for the Ising model that « is zero: this just means
that the specific heat diverges logaritmically. In this model § is obtained
independently from the scaling predictions, so that the scaling for § has
been actually tested on the Ising model.

For the KDP model & = 1 corresponds to a first order transitions,
while it is a bit harder to define § and g because the system is frozen in
it's ordered phase.

The F model hag an infinitely weak singularity for the free energy:
all its derivatives exist and are continuous buf nevertheless the function
is not analytic.

Before the solution of the eight-vertex model it was generally be-
lieved that all exponents of all models were universal.

Universality says that critical exponents shouldn’t depend on the
details of interaction. Of course they will depend on something, specifical-
Iy on the dimensionality and on the symmetries of the system. That’s
certainly true for the Ising model: if we take this model with interaction
in both horizontal and vertical directions and make those interactions
different, we don’t change the critical exponents at all. Besides we know
that for the Ising model H = 0 is a special symmetry line, for which
there is a critical point at T' = T,: out of the cut-line H =0, 0 < T <
T, in the (H, T) plane, we have no singularity.

Universality 18 a very actractive idea becaunse it means that real
interactions can be modeled by very simple ones if we just want to know
critical exponents: for example knowing the critical exponents of the
three dimensional Ising model one would know them for an alloy such
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4 bronze. Nevertheless when we look at the eight-vertex model, we
have to introduce a parameter f (laying between 0 and m) which is just
defined by the details of the interaction: varying ¥ means to vary o, f
and 2 (not ¢). It is now appreciated that there are indeed such models in
which critical exponents are not universal: even the square lattice Ising
model with ferromagnetic nearest and antiferromagnetic next-nearest
neighbours interaction has non universal exponents.

The three spin model as well as the hard exagon model are special
cases of the 8-vertex model corresponding respectively to ¥ = Zr and
e %JT. It is now possible to draw a sort of 7 line and consider the
yarious model on it (fig. 2):

g paans "
| '| [ ! |
F Ising 3-spin KDP
hard
hexagon
fig. 2

Interactions round a face model

All these exactly solved two dimensional models can be defined as
special cases of a very general model, called the interaction round a face
model (IRF).

Take a square lattice of N sites (fig. 3); on each site (z) put a
Spin o; which has some set of possible values (for most of these models

0y = +1 or —1, while for hard exagons it’s more natural to put o; = +1
or 0).
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|

—’09'--“&-
499
5 e o o s

fig. 3

For the whole lattice one defines a hamiltonian which is a sum over
all faces of the lattice of a face energy being some function ¢ of the four
spins around that face:

Hie= z E(U{,G‘jjcrhm] (1.1)
f:ii:s

Then the partition function is:

In=3 Y = (1.2
oy e

If each spin has two possible values, then there are sixteen possible
values for the argument of the function ¢, so there are sixteen degrees
of freedom; actually some of them are redundant because if we add an
energy to one side of the square face and subtract the same energy from
the other side we don’t change anything at all.

One can define a Bolizmann weight function of a face w(a, b, ¢, d),
where a, b, ¢ and d are the four spins around that face:

—1
w(a,b,c,d) = exp {K 7 e(a, b, ¢, d]}
B

Then (1.2) becomes:

Zn = Z z ]:[ 0'”0‘:,',0';“0';] (_1'3)

o Jaces
(£,4,k,1)

For our next calculations we are also interested in the free energy per
sife f,
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f=-KpT lim N7'lnZy (1.4)

and in averages, where for example the average of a single spin o; sitting
gomewhere in the middle of the lattice is:

<oy >=Z§ ) > o1 || wlowoj0n0) CL8)
& ar

faces

It is certainly true that all the models we have described before are
special cases of this IRF model. Let us see it more precisely.

Nearest neighbour Ising model
In that case the hamiltonian is:

H=-J Z cr,;-:r,-—J’ Z 050k (1.6)

kortzontal vertical
edges edges

{t.:J.] {J'--"i‘:}

where 01,...,0p, = +1 or —1.

fig. 4
The minus sign before the interaction coefficients J, J' means we
have ferromagnetic interaction. Infact with these signs, when two spins
h‘ave the same value the energy is negative, when they have opposite
SIENS it's positive; as negative enmergy is preferred to positive one, the
system prefers equal spin.
That’s the nearest-neighbour Ising model that Onsager solved; it

€8l be incorporated into a more general IRF model by merely sharing
out edge energies between adjacent faces:

e(a, b2, d) = M%J(ab + ed) — %Jf['f}c + ad) (1.7)
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Note that this is not one of the special cases solved by eight-vertex model,
while next nearest-neighbour Ising model is.

Nezt nearest netghbour Istng model

The hamiltonian is:

H=-J >  oox—J" )Y, ojo (1.8)
NE-—-SW NW-3SE

diagonale dingonale
(£.k) (7:4)
where again ¢q,...,0ny = +1 or —1.
This model can easily be recognized as an IRF model, the interac-
tion being all inside the square:

e{a,b,¢c,d) = —Jac— J'bd (1.9)

The next-nearest-neighbour Ising model factors into two independent
and equal nearest-neighbour models. [nfact dot spins interact diagonally
only with nearest neighbours doi spins and the same is true for cross
spins. So for the free energy for site we have:

fﬂﬂxtﬂﬂ{“r! J—F) —== frz n('j1 ‘-’ﬂ)

Eight- Vertez model

In next nearest neighbour Ising model the hamiltoman has two
sublattice spin reverszl symmetries. The most general model which has
those symmetries and interactions only within a face is the eight-vertex
madel,

Obviously it’s an IRF model:




















































































































































































































































































































































































































































































